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Abstract 

We study the boundary of the liquid region L in large random lozenge tiling models defined by 
uniform random interlacing particle systems with general initial configuration, which lies on the line 
(a;, 1), X e R = dH. We assume that the initial particle configuration converges weakly to a limiting 
density b(x), 0 ^ ^ 1. The liquid region is given by a homeomorphism Wc, : -C —> H, the upper 

half plane, and we consider the extension of to H. Part of dC, is given by a curve, the edge £, 
parametrized by intervals in dH, and this corresponds to points where 4> is identical to 0 or 1. If 
0 < t/i < 1, the non-trivial support, there are two cases. Either W^^{w) has the limit (x, 1) as rc —► x 
non-tangentially and we have a regular point, or we have what we call a singular point. In this case 
Iiy ^ does not extend continuously to H. Singular points give rise to parts of d£. not given by £ and 
which can border a frozen region, or be “inside” the liquid region. This shows that in general the 
boundary of dC can be very complicated. We expect that on the singular parts of 8C we do not get 
a universal point process like the Airy or the extended Sine kernel point processes. Furthermore, £ 
and the singular parts of dL are shocks of the complex Burgers equation. 
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1 Introduction 


1.1 Discrete Interlacing Sequences 

We begin by briefly recalling the underlying probabilistic model described in [2]. A discrete Gelfand- 
Tsetlin pattern of depth n is an n-tuple, denoted ..., e Z x x • • • x Z", which satisfies 

the interlacing constraint 


for all r e {1,..., n—1}, denoted yG+'^) > y(’’). For each n > 1, fix e Z" with > • • • > x^\ 

and consider the following probability measure on the set of patterns of depth n: 




1 

Zn 


1 ; when ^^ > • • • > y^^\ 

0 ; otherwise, 


where > 0 is a normalisation constant. This can equivalently be considered as a measure on config¬ 
urations of interlaced particles in Z x {1,..., n} by placing a particle at position (u, r) e Z x {1,..., n} 
whenever u is an element of y^^K Vn is then the uniform probability measure on the set of all such 
interlaced configurations with the particles on the top row in the deterministic positions defined by 
2 ;(") This measure also arises naturally from certain tiling models (see [2] and [10] for further de¬ 
tails). In |2] and [101 it was independently shown that this process is determinantal. The correlation 
kernel, Kn '■ (Z x {1,..., n})^ C, acts on pairs of particle positions. Note that the determinis¬ 
tic top row and the interlacing constraint implies that it is sufficient to restrict to those positions, 
{u,r),(v, s) e Z X {1,..., n — 1}, with u > xk”^ + n — r and v ^ x^'’ + n — s. For all such (it, r) 
and (w, s), 

K„{{u, r), {v, s)) = K„{{u, r), (v, s)) - (/)r,s(u, v), (1.1) 

where 


Kn{{u,r), {v,s)) 


1 (n —s)! 

(27ri)^ (n — r — 1)! 



Wk=u+r-n+l(^ 1 rr f W — X 

I\l=v+s-n iw-k) IC - Z J-J 2 - x|”^ 


and 




0 

1 




It -I- S' 


■ j) 


when s ^ r, 
when s = r -I- 1, 
when s > r + 1. 


Above r„ and 7„ are counter-clockwise, r„ contains {x^”^ : x^”^ > it} and none of {xl"^ ^ it -I- r — n}, 
and 7 „ contains F^ and {v + s — n ,..., ii}. 


1.2 Asymptotic Assumptions and Geometric Behaviour of the Liquid Region 

It is natural to consider the asymptotic behaviour of the determinantal system introduced in the previous 
section as n —> oo, under the assumption that the (rescaled) empirical distribution of the deterministic 
particles on the top row converges weakly to a measure with compact support. More exactly, assume 
that 

1 " 

-w, ^y 

2=1 

as n ^ 00 , in the sense of weak convergence of measures, where p is a probability measure with compact 
support, supp(/i). We additionally assume that the convex hull of supp(p) is of length strictly greater 
than 1. 
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Definition 1.1. For clarity we explicitly state the class of measures in which /r lies: fi e S(]R), where 
,B(K) is the set of Borel measures on R. Moreover, /r ^ A where A is Lebesgue measure (recall e Z”), 
||/i|| = 1, /i has compact support. We will denote this set of measures by /j, e i(®)- Additionally we 
note that /i admits a density w.r.t. A, which is uniquely defined up to a set of zero Lebesgue measure. 
Denoting the density by /, and [a,6] the convex hull of supp(/r), (6 — a > 1), it satisfies / G 
f{x) = 0 for all X 6 R\[a, &], f^f{x)dx = 1, and 0 ^ f{x) ^ 1 for all x 6 [a,b]. We write / 6 
Note that R.\supp(p) is the largest open set on which / = 0 almost everywhere, and R\supp(A — /i) is the 
largest open set on which / = 1 almost everywhere. Finally we note that the set i® convex, i.e., 

if cr, 1 / G then for all t G [0,1], ter + (1 — t)z/ G 

Definition 1.2. Define the set of functions (R) to be all / G such that: 

• There exists a finite family of open disjoint interval {Ik}k such that supp(p) = Ik- 

• / G C°‘{Ik) for all k and some 0 < a < 1. 

• The set {{t : f{t) = 0} u {t : f{t) = 1}) {~]{'OkIk) is isolated. 

We note that if / G C 2 ’i*(R), then / is continuous everywhere except at possibly the set (J^, dik- 

Note, rescaling the vertical and horizontal positions of the particles of the Gelfand-Tsetlin patterns by 
that the weak convergence and the interlacing constraint imply that the rescaled particles almost surely 
lie asymptotically in the the following set: 

'P = {(X, + 

Fixing (Xil) ^ 'P) the local asymptotic behaviour of particles near {XtV) can be examined by con¬ 
sidering the asymptotic behaviour of Kn{{un,rn),{vn, Sn)) as u ^ oo, where {(u„,r„)}„^i c: 1? and 
{(■Cn,s„)}„;>i c Z^ satisfy 


-(WnAn) ^ (X,??), -{Vn,Sn) ^ {X^'n) 
n n 

as n ^ 00 . Assume this additional asymptotic behaviour, substitute (un,'rn) and {vn^Sn) into equation 
CU), and rescale the contours by ^ to get. 


Kn{{Un, r„), {v„,Sn)) = 


(27rz)2 


dw (p dz 

7n 


exp(n/„(w) - nfniz)) 


w — z 


( 1 . 2 ) 


for all n G N. Now Fjj contains ^ and none of ^ -I- r„ — n}, and Xn contains 

r„ and {p{vn + Sn- n),..., pVn}- Also A„ := 


1 


(") 


fn{w) := - log w - - Y, log 

77, \ n I 71 


fn{z) := - log 

71 


2=1 


X 


n 

(n) 


J='i^n+S.n—n 
U-n — l 


J 

W - 

n 


n J n 


E log 


3 


j=u„+r„-n+l 

Finally, inspired by the asymptotic assumptions and the forms of /„ and fn, we define 


:= [ log{w - t)dn{t) - f \og{w-t)dt, 

R Y + ?7—1 


(1.3) 


for all w G C\M. 
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Remark 1.1. Do not confuse the asymptotic function with the density / of the the measure 

p. The authors apologize for this unfortunate notation and hope that it will not cause any confusion. 
Furthermore, the asymptotic function will only be mentioned in the introduction, and in all other sections 
of this paper, / will always denote the density of the measure. 

Steepest descent analysis and equations (HID and HID suggest that, as n ^ oo, the asymptotic behaviour 
of Kn{{un, r„), {vn, Sn)) depends on the behaviour of the roots of 



f 

•'X+'Z-l 


dt 

w — t' 


(1.4) 


for all w e C\R. In (2, we define the liquid region, £, as the set of all (y, Tj) e V for which has 

a unique root in the upper-half plane, H := {w e C : Im(w) > 0}. Whenever (y, 77 ) e £, one expects 
universal bulk asymptotic behaviour, i.e., that the local asymptotic behaviour of the particles near (y, rj) 
are governed by the extended discrete Sine kernel as n —> -too. Also, one expects that the particles 
are not asymptotically densely packed. Moreover, when considering the corresponding tiling model and 
its associated height function, one would expect to see the Gaussian Free Field asymptotically. See for 
example [mi,mi for a special case. 

Let Wc : £ H map (y, 77 ) e £ to the corresponding unique root of in H. In |2] , we show that 

Wc is a homeomorphism with inverse = {xc{w),rjc{'w)) for all re e H, where 


Xc{w) :=w + 


{w — — 1 ) 

gC{w) _ gC(fli) ’ 


Vciw) := 1 -I- 


{w-w){e^^^'> - - 1 ) 

^C{w) _ qC{w) 


(1.5) 

( 1 . 6 ) 


and C : C\supp(/i) —> C is the Cauchy transform of fi: 


C{w) 


dfi{t) 
w — t 


(1.7) 


Thus £ is a non-empty, open (with respect to R^), simply connected subset of V. 


Define the complex slope D = D(y, 77 ) e C by 


^{X:V) 


Wcix,v) - X 

Wc{x,v) -x-v + ^' 


( 1 . 8 ) 


The equation /^(y, ^) ('1^)1 v) ~ ^ implies that the complex slope D satisfies the equation 


Note that since 



(1 - 
1 - n 


-1 

dp,{t). 


Cl = exp 


/ 


d^{t) 

t-Wc{X:V) 


(1.9) 


( 1 . 10 ) 


and bFc(y, 77 ) e H, it follows that Im[fl] > 0 for all (XiV) ^ Moreover, by differentiating (11.91) with 
respect to y and 77 respectively, one see that CL satisfies the complex Burgers equation 


dx or] 


For a connection to lozenge tiling problems see |7]. 


( 1 . 11 ) 
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Using the complex slope fl one define the Beta kernel Sq : ^ C, according to: 

Bnim, /) = ^ r(l - zrz-^-^dz, (1.12) 

27rz Jq 

where the integration contours are such that they cross ( 0 , 1 ) c K. when m > 0 , and (—oo, 0 ) c R when 
m < 0. It was shown in |10j . that if one let /i = A| „ , , where Ik = [afe,&fc], and is a disjoint 

union of intervals, then if one assumes that 

lim = {x,v), for i = l, 2 ,..,r 

n—^oo n 

and, 


= h, e Z 




e Z 


and yl ' - y'j ' = m,j 

are fixed whenever n is sufficiently large, then 

lim = det[Bn{m,j, kj)] 


ij=i 


Though it is not done in this paper, this result can be easily extended to the case when y e A1^]^(R). In 
particular note that this implies that the macroscopic density of particles are given by 

Pix,v) = i^[ — = -argU(x,ry). 

27 rz Jq z TT 

In |2], we also study dC. Our motivation for doing this is that edge-type behavior is expected at dC for 
appropriate scaling limits. It is therefore necessary to understand the geometry of dC. We study dC using 
the above homeomorphism: dC is the set of all (y, rj) eV for which there exists a sequence, c El, 

with W^^{wn) = {xc{wn),r]£{wn)) ^ (X) as n ^ 00 , and either ^ooorwTi^a;eM = dEI as 
n —> 00 . 

The situation when |r(;„| ^ oo is trivial: {xc{wn),Vc{wn)) (5 + / tdy{t),0) as n —> 00 . In order to 
consider the situation when Wn ^ x e M. = dEI, recall that y ^ X. In [5], we consider the case where 
Wn ^ X e R, where i? c R is the open set. 


and 


R := Rfi u 'o Rq Kj Ri \j R 2 , 


(1.13) 


• Rfi := R\supp(/r) n {t e R : C{t) ^ 0}. 

• Rx-^ := R\supp(A - y). 

• Rq := R\supp(/r) n {t e M : C{t) = 0} 


• Ri is the set of all t e d(R\supp(/r))nd(R\supp(A—/i)) for which there exists an interval, I := 
with tel, {t, ti) c R\supp(^) and (^ 2 , t) c R\supp(A — y). 

• i ?2 is the set of all t e (5(R\supp(/r))nd(R\supp(A—/i)) for which there exists an interval, / := (t 2 ,U), 
with tel, {t, ti) c R\supp(A — y) and {t 2 ,t) c M\supp(/r). 

We show that {xc{wn),'r]c{wn)) —>■ (Xf(i),? 7 £(i)) as n —» 00 , where xStVE ■ R^ ^ are the real-analytic 
functions defined by. 


ixsit),r]sit)) = < 


1 _ e-Cit) + e-Cit) _ 2 

i / N - 1 1 H" — 


t + 


C'{t) ’ C'{t) 

1 - - 1 ^ ^ (Hf )e^^« + ^ 


(t,l-e^^(‘)(t-t2)) 

(i _ e-^'(*)(t - h), 1 + - ti)) 




if t e u i?o 


if t e Rx-^, 

ifteRi 

i{teR2 


(1.14) 
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Above I := is any interval which satisfies t e I cz R\supp(A — fi) whenever t G R.\supp(A — /i), 

and the requirements of equation (11.131) whenever a; G i?i u i? 2 - Also, C is the Cauchy transform of 
equation (11.71) . and Ci{t) := for all tel. It follows from above that {xs{‘),il£{')) ■ R ^ dC 

is the unique continuous extension, to i?, of (x£(') 5 %(’)) : H ^ In [5] we show that the extension 
is injective, and we define the edge, £ c dC, as the image space of the extension. We argue that £ 
is a natural subset of dC on which to expect edge asymptotic behaviour. This will be examined in 
the upcoming papers, [3] and [4]. In these papers we will show, for example, as n ^ oo and choosing 
the parameters (u„,rn) and (vn,Sn) appropriately, that Kn{{un,rn),{vn, Sn)) converges to the Airy or 
Pearcey kernel when x e R\supp(/r) and (x, rj) = (x£(^)j (f))- Similarly when t e R\supp(A — /i), except 

now the asymptotic behaviour of the correlation kernel of the ‘holes’ is examined. Thus f is a subset 
of dC where we expect standard, universal type edge behavior. Furthermore, in [^, we defined the sets 
£^ = £x-^ = W^\R^), £o = Wg\Ro), £i = W^^Ri), and £2 = W£\R 2 ). One can show 

that for any sequence {{Xn,Vn)}n ^ £, such that lim„^oo(xTt, ??n) = ixSiVs) s the boundary value of 
the complex slope O exists and equals 


lim £l{Xn,11n) 

n—*'CO 


' G K 

t — 1 1 
^ 1 

0 

00 


if {X£,V£) 6 
if {xe,V£) e £\-tj. 
if {X£,V£) e £q 
if {X£,V£) 6 £1 
if {X£,V£) 6 £2 


(1.15) 


where t = W£{x£yV£)-: and where lim„_>oo 0(xTt, ? 7 n) = 00 is viewed as a limit on the Riemann sphere 
C u { 00 }. Hence, we may view f as a shock of the complex Burgers equation (11.111) . 

Remark 1.2. In principle the convergence of Ar„((u„,r„), (vn, Sn)) could depend on how the empirical 
measure /i„ converges to /i. However, such questions will be considered in an upcoming paper [3]. 

Remark 1.3. Note that i?i n i ?2 = 0- Also Ri u R 2 = d(R\supp(/i)) n d(R\supp(A — /r)), the set of 
all common boundary points of the disjoint open sets ]R\supp(/r) and IR.\supp(A — /r). Therefore we can 
alternatively write, R = { (R.\supp(/i)) u (M\supp(A — /r)) )°. 

Note that R = R = dH in the special case when fi is Lebesgue measure restricted to a finite number of 
disjoint intervals. This case was examined by Petrov, m- For general /x, however, ]R\i? is non-empty. It 
therefore remains to consider sequences, {wn}n^i ez H, with Wn ^ x e M.\R as n —» 00 . In [2], letting / 
denotes the density of p, (see Definition ll.il) . we show that: 


Lemma 1.1. (x, 1) G dC for x e R\R = (supp(fi) n supp{\ — p))\{Ri u R 2 ) whenever there exists an 
e > 0 for which one of the following cases is satisfied: 

1. sup(g(,,_, fit) < 1 and inftg(„_,,„+,) f{t) > 0 . 

sup(g(,,,_, fit) < 1, infte(x-£.a:) fit) > 0 and fit) = 0 for all te ix,x + e). 

3- sup(g(,,,_, fit) < 1, infte(x-£.a:) fit) > 0 and fit) = 1 for all te ix,x + e). 

4- suptg(„, fit) < 1, mfte(x,x+e) fit) > 0 and fit) = 0 for all te ix-e,x). 

5- suptg(„,_,„+,) fit) < 1, inftg(„,^„,+,.) fit) > 0 and fit) = 1 for all te ix-e,x). 

Moreover ixciwn),Vciu!n)) —> ix, 1) as n ^ co for all {wnjniii c H with Wn x. 


Recall that for a general f e (K) the assumptions of Lemma fOl need not be satisfied, and so the above 
lemma gives an incomplete picture. The main goal of this paper is to extend this result. In particular, 
we will examine the novel and subtle geometric behaviour of dC when the conditions of the above lemma 
are violated. This analysis is surprisingly difficult, and naturally leads to questions in harmonic analysis. 
Points in dC\£ will be either of the form (x, 1), or be points where we expect to have non-standard, or 
non-universal "edge" behaviour for the correlation kernel. The detailed local asymptotics will not be 
investigated in the present paper. 
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1.3 Introduction to The Geometry of dC\E and the Non-Trivial Support of ^ 

As explained in the previous section, fixing fj, e (see remark ll.l|l and defining xc ^-nd ijc 

as in equations (HHl) and dm, we wish to examine the boundary behaviour of the homeomorphism 
{xc{‘),Vc{')) : HI —> £ in the neighbourhood of the following set: 

Definition 1.3. Given n e i(®)i non-trivial support of pL, denoted c K, is the complement 

of the open set defined in equation (11.131) . More exactly, 

Snt{y) ■= supp(^) n supp(A - /r)\(i?i u R 2 ), 

where A is Lebesgue measure and u i ?2 = ^(R\supp(p,)) n d(R\supp(A — fj)) (see remark [TT51) . 

Throughout the remainder of this paper we therefore make the following assumptions: 

Hypothesis 1.1. Fix ^ e Af^ i(®) for which iS„t(M)° is non-empty. 

Remark 1.4. Hypothesis 11.11 excludes densities of the form f{t) = (j){t)xsi{t), where (j) e /9^]^(]R), and 
is a measurable closed set such that = 0. Then c In particular, we will not consider 

examples of the form f{t) = xtif), where £ is a fat Cantor set, that is a nowhere dense set such that 
A(£) > 0. 

Hypothesis 1.2. Let X := {t : 0 < /(t) < = f{t)dt}. Assume that for any open interval 

iczSM°. A(xn/) > 0 . 

Remark 1.5. This assumption is non-trivial. In m, it is shown that there exists a Borel set Ac [0,1] 
such that for any interval I c [0,1] one has 

0 < A(Ap|/) < A(/). (1.16) 

Taking = XA{t), (11.161) shows that [0,1] c However, X{{t : 0 < f{t) < 1} n[0,1]) = 0. 

Fix X e Sntifj) and a sequence {wnjn^i HI with ^ x as n ^ 00 . Assuming these hypothesises, we 
wish to examine the behaviour of {{xc(wn),'ric(wn))}n^i as n ^ 00 for the various possibilities of the 
point X G SntifJ-) and the sequence {wnjn^i ^ HI. More precisely, we introduce the following equivalence 
relation: 

Definition 1.4. To sequences uJx = {wn}n=i and = {w'^}m=i are said to be equivalent if the following 
holds: 

• lim„^oo Wn = limfc^oo w'm = X- 

• There exist A > 0 and M > 0, depending on and such that wn+u = whenever n > 0. 

This is easily seen to be an equivalence relation. We denote this by uJx ~ and denote [w] by its 
equivalence class. Furthermore, for each x G R, let Sx denote the set of equivalence classes of sequences 
converging to x. 

Now let 

dCu,ix) := {{xc{Wn),'nc{Wn)) ■■ n ^ l}\{{xc{Wn),Vc{Wn)) ■ u ^ 1} (1.17) 

= {{x','n') e V ■■ {Wn^}k c {Wn}n=i, lim {xc{wn^),r]c{wnj = {x',v')}- (1-18) 

fe—>-00 

Then clearly dCuiix) = dCuj’ix) = dC^u^ix) whenever w ~ uj'. Finally let 

dC{x) = IJ d£[^](x). (1.19) 

We now note that by Lemma I5TT] in the appendix, dC = d£(oo) [J (lj 2 ,gR dC{x)). In Lemma ISTTl we show 
for every x G that we can always choose such that {xc{wn),'<lc{wn)) {x, 1). In other 

words, <S„t(/i)° X {1} c dC. We define the generic case as that in which this limit is observed for arbitrary 
sequences: 







Definition 1.5. x e Sntil^) is said to be generic whenever dC{x) = {(x, 1)}. In particular, this is 
equivalent to {xc{wn),'r]ciwn)) ( 2 ;,!) as u ^ 00 for arbitrary sequences {wnjn^i ^ El converging to 
X. The set of generic points will be denoted by 

The homeomorphism, (x£(’)i ^r;(’)) : El —> £, therefore has a unique continuous extension to a; e 5^ 
whenever x is generic. Lemma |1.11 above, gives sufficient conditions for x to be generic. We generalise 
these conditions in Proposition |T^ Moreover we prove in Theorem id.ll that for a typical set G c 5ret(^)°, 
where G is defined in Proposition 14.11 G c is dense in 

We are particularly interested in those parts of dC that arise from non-generic points. Recall in the 
previous section, we defined the edge, S cz dC, by extending (x£(-)j%(')) uniquely and continuously 
to R\5„t(^). In particular £ = yj^^^dC{x). Also the point d£(oo) = (| + Jtdfi{t),0) is obtained 
by extending the homeomorphism uniquely and continuously to ‘infinity’. Finally, as observed above, 
X {1} c dC. We therefore define the singular part of dC, denoted d£sing c dC, as: 

dAing := U { {l+l I U X {!}))■ (1-20) 

In view of Lemma 01 this leads to the natural decomposition of the boundary dC according to 

5^={Q+/ <AW,o)||j£:|J(5®r(M)x{l})(Jd£sing. (1.21) 


In particular we have 


dosing = y d/:{x). 

xem\{RuS^‘’' (fj.)) 


( 1 . 22 ) 


We begin our analysis by expressing ((xz;(i£)) Vc{w)) = {{xc{u, v),r]c{u, v)) in real and imaginary parts 
of G{w), where w = u + iv. Using that 


-Im(C(»)) - 2 

equations (11.51) and (11.61) then become 


Xc{u,v) = u + v 
Vc{u,v) = l-v 


e — cos{TrPyf{u)) 

sin(7rP„/(u)) 

g-7ri?„/(«) 2 cos( 7 rP„/(u))) 


sin(7rP„/(it))) 


(1.23) 

(1.24) 


(1.25) 

(1.26) 


Remark 1.6. Recall that Pyf{u) is the Poisson kernel of / and Hyf{u) is the harmonic conjugate of 
Pvf{u). Also note that by Lemma [2.41 0 < ■nPvfiu) < tt for all (u,v) e H. It is a well-known fact from 
harmonic analysis that 


lim Pvfiu) = f{u) for a.e u (1-27) 

II-. 0 + 

lim Hyf{u) = 'Hfiu) for a.e u, (1-28) 

II-. 0 + 

where T-Lf denotes the Hilbert transform of /. In fact, the limits exist for every u in the Lebesgue set of 
/ and the Lebesgue set of R/ respectively. 

We now distinguish between different types of sequences that will be of use: 






9 


Definition 1.6. {wn}n^i = {un + i'Vn}n^i is Said to Converge non-tangentially to x whenever there exists 
a constant fc > 0 for which | | < k for all n sufficiently large and such that liin„_.oo Wn = x. 

is said to converge tangentially to x whenever | | —> cx) as n —> oo and lim„_,Qo Wn = x. 

Note, we can alternatively define the above sequences by considering the following truncated cones: For 
all fc > 0 and h > 0, define r^(a:) c: rfc(a;) c H by, 

r^(a:) := {{u,v) e M. : 0 < v < h and |m — a;| < kv}, 

rfc(a;) := {(it, w) G H : z) > 0 and \u — x\ < kv}. 

These are shown in figure ©• Note that {wn}n^i converges non-tangentially to x iff Wn —>■ x and there 
exists a A: > 0 for which Wn G rfc(x) for all n sufficiently large. Also, {wn}n^i converges tangentially to 
X iff Wn —>■ X and there exists an n{k) for which Wn t rfe(a;) for all n > n(k). 



Figure 1: Truncated Cone 

Of course, arbitrary sequences {wnjn^i c HU such that lini„_>oo Wn = x are not-necessarily tangential nor 
non-tangential. However the following result trivially follows from definitions 11.51 and 11.61 by considering 
sub-sequences: 

Lemma 1.2. x is generic if and only if both of the following occur: 

• ixciwn),r]c{wn)) —> {x, 1) OS n —> 00 whenever converges non-tangentially to x. 

• {xc{wn),r]c{wn)) ^ {x, 1) OS 71 ^ 00 whenever converges tangentially to x. 

Generic situations are considered in section 4. We begin by considering non-tangential sequences: 

Definition 1.7. x G SntilJ-) is said to be regular if and only if {xc{'Wn),ilc{'Wn)) —> 1) as n —> oo 

whenever {w„}nSfi converges non-tangentially to x. The set of regular points is denoted by 

In sections 2-4 we provide sufficient conditions for a point to be regular. For example, in Proposition 
Q] we show that x G Sntifjf is regular whenever x belongs to the Lebesgue set of / and 0 < /(x) < 1. 

Lemma ll.2l and Definition 11.71 imply that all generic points are regular. The converse question, however, 
is non-trivial. In Proposition 14.21 we give sufficient conditions for a regular point to be generic. In order 
to prove that the tangential limits converge correctly, we assume a uniform convergence condition in a 
neighborhood of x. This condition holds, for example, whenever the measure p is such that / G C^’“(IR) 
(see for example Proposition 14.3|) . 

In section 6 we consider non-generic situations: 

Definition 1.8. X G SntilJ') is said to be singular if it is not regular, and the set of all singular points 
will be denoted by 5^“®(p). We identify four classes singular points: 
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X e if and only if there exists a J > 0 and a function yi : R K for which x is in the 

Lebesgue set of ip, p{x) = 0, |Hi^(x)| < +oo, and f{t) = X[x-s,x]{t) + ‘fit) for almost all t. 

X e if and only if there exists a 5 > 0 and a function : R ^ M for which x is in the 

Lebesgue set of p, p(x) = 0, iHpix)] < +oo, and f{t) = X[x,x+s\it) + fit) for almost all t. 


■ G 


(/r) if and only if < +°o and Hfix) 0 . 


• X e if and only if < +oo and 7^(1 — /)(x) 7 ^ 0. 

The fact that x e Sntif) is singular whenever x e u u u 

is shown in Propositions I5.m5.2l and 15.41 Indeed we show, whenever x e S^^^’^ip) u u 


if) if) ^rrd {wn}n;^i is non-tangential, that ixciwn),Vciwn)) converges to a point 

which is different from (x, 1). We give expressions for the position of this in each of the 4 cases, noting 
in particular that the position is independent of the choice of the constant (5 whenever x G 5^™®’ (/i) u 


-•sing,II 
^nt 
-•sing,IV / 


(/r). Also, it follows from the definition of C\, 


th^ts:r’\f)^s, 


sing,II 
nt 


if) i® fi^® ®®f ®f ^ii singular points whenever the measure p is such that / G C^i 


nt 

ip)^s:r'"\f)^ 

A,( 


In particular the set can be seen as an obstruction to extending the map ip) : HI 

a homeomorphism of the boundary. More precisely, in Theorem 14.21 it is proven that W^^ip) : 


-1 / 


C to 

C if = 0 . In particular, when 7 ^ 0 , 


extends to a homeomorphism Wj- ip) : H 
then dC is not homeomorphic to . Furthermore it will also be shown that these points need not 
be isolated. When considering the boundary behavior of the map for sequence {wn}n e HI such 

that lim^^oo Wn = x G ip) we will almost exclusively consider the case of isolated singular points. 
Furthermore, it will be shown that to study boundary behavior at such points one will be forced to 
consider particular classes of tangential sequences converging to x. More precisely, under an additional 
technical assumption on the density /, we prove in . 

[QUO that: 


. Theorems 


If X G 5^™®’ ip) and there exists an e > 0 such that ^_JyI < cc for all ye (x — e, x) u (x, x + e), 
then 


d£(x) = •! ( X, 1 


gg^nHipix) 

1+? 


: ^ G (0,+oo) 


In particular x is isolated on the right from points in and the left from points in 


dosing,IV 
^nt 


if)- 


If X G and there exists an £ > 0 such that /jj < * for all ye (x — e, x) u (x, x + e), 

then 


d£(x) = 


gg^-TrUipix) 


g^--n-'Hv(x) 

1 + C 


: ^ G (0,+oo) 


In particular x is isolated on the right from points in and the left from points in 

if)- 

ip) and there exists an £ > 0 such that /jj < * for all ?/ G (x — £, x) u (x, x + £), 


Qsing,III 

^nt 


. ifxG5^r®’^^^ 


then 


d£(x) = •) ( X + 


1 _ g-TT-H/Cx) 


. 1 - 


g7rW/(x) _|_ g—7rW/(x) _ 2 


C- 7 r(H/)'(x)’ C- 7 r(H/)'(x) 

In particular x is isolated from other points in 


: ^ G (0,+oo) 
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• If a; e and that there exists an e > 0 such that /jj < co for all y e {x — e,x) u 

{x, X + e), then 


dC{x) = •{ ( a; + 


1 -|_ g7rW(l-/)(a:) 
^-7r(H(l-/)'(a:)^ 


g7rW(l-/)(rc) _|_ g-7r-H(l-/)(x) _|_ 2 

fy{x) 


: ^ e (0,+oo) 


In particular x is isolated from other points in 

Note that the geometry of dC{x) in these cases is entirely characterized by either 'Hip{x) or the numbers 
'Hf{x) and {'Hfy{x). An additional reason why we choose to only consider those singular points which 
satisfied some additional criteria for isolatedness, is that we do not believe that the same type of simple 
characterization of dC{x) is possible in the case dense singular points, or in the case when the assumptions 
of Propositions I5.6ll5.8l are violated. Finally, if one is to apply Definition 11.81 to points x e R one would 
find that every x in u R\-^ u u i ?2 were singular points. Therefore the case of considering boundary 
behavior of non-isolated boundary points of dSnt{y) is similar to the case of non-isolated singular points. 
We will therefore restrict ourselves to consider only isolated points of dSntiy)- It will therefore prove 
useful to define the following subsets of dSnt{y)'- 

Definition 1.9. Let dS^f{fj,) := dS^ u 55° u 55^ u 55^ be the isolated boundary points of dSnt{y), 
where 


• 55^ is the set of all x e dSnt{y) for which there exists intervals I = (a:, a: -I- 5) and J = {x — 5, x), 
such that I c supp(/i)^ and J c Snt{f^) for some 5 > 0. 

• SSI is the set of all x e 55„t(p) for which there exists intervals I = (x — 5, x) and J = {x,x + 5), 
such that / cz supp(/r)'^ and J c 5„t(p) for some 5 > 0. 

• dSji is the set of all x e dSnt{y) for which there exists intervals, I = {x,x + 5) and J = (a: — 5, x), 

such that I c: supp(A — and J c Snt{y) for some 5 > 0. 

• dSY is the set of all x e dSnt{y) for which there exists interval, I = (x — <5, xi) and J = {x,x + 5), 

such that I cz supp(A — p)° and J c Snt{y) for some 5 > 0. 


We notice that if the density / e C 


A,a / 


and X e 5„t(/a) is a singular point, then it is isolated. Further- 


ISO 

'nt 




(p) is generic. In particular we show that limt-.x(xf (t), ysit)) = 

tsR 


more, dSnt{y) = 55^j°(/i), in this case. In ProDOsition l4.4l and ProDOsition l4.5l we provide sufficient condi¬ 
tions on the density / for when x e dS\ 

(x, I). If on the other hand x G 
lim„^oo((X£(w'n))??e('fi'n))i where 




sing,11 
nt 




nsing,III 

^nt 


{y) 


nsing,IV 

^nt 


i}n converges non-tangentially to x. 


(p) and = 

then \imt^xixe{t),Vs{t)) = 

teR 


We now consider the boundary behaviour of the complex slope D for sequences {(Xm^n)}™ S, such 
that lim„^oo(xn, ??Tt) = (X;^) ^ 5£\K. First consider the case when (x,??) e {(x, I) : x G One 

can show that almost all non-tangential limits exists and 

hm n{xn,Vn) = G C. 

n —>00 


Thus, such limit is thus not in general real, which should be contrasted to the case when (x, rj) G S- On 
the other hand, if we assume that x G S^^^^(fj,), and that in addition x is an isolated singular point, then 
for all sequences {{Xn,r]n)}n c C such that lim„^oo(xn,»?«) = {x,v) ^ SC{x) we get 


lim 0(xn,??„) 
n—»-oo 


g-77W/(x) £ 
_g 77 W(l-/)(a)) g 

0 

00 


ifxG5:r’'''(p) 

ifxG5:r’'^(p) 

ifxG5:r’'(p) 

ifxG5:r’''(p) 


(1.29) 
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This shows that at least a subset of dCsing are shocks of the complex Burgers equation in the same way 
as E. 

We will conclude this introduction by discussing open problems not solved in this paper. 

Conjecture 1.1. 

Conjecture 1.2. is meagre set in K. 

However, note that is not necessarily negligible from a measure theoretic point of view. This 

is proven in Lemma [5.21 where we show that there exists a fj, e such that A(5^“®(/i)) > 0. 

Moreover, in Lemma [531 we show that the set may be dense in Finally, in Proposition 

15.101 we show that there exits a /x e such that 'H}{dC) = +oo, where ’H} denotes the one 

dimensional Hausdorff measure. 

Example 1.1. Consider the density f{t) = + 1)^(1— l)^X[_ip](t). Here supp(/x) = [—1,1] and 

= (“1; 1) and = {—1} u {!}. The boundary of the liquid region is shown in 

figure 121 


(- 1 , 1 ) 


( 1 , 1 ) 



-limtii(x£(t),77£(t)) 


Figure 2: . The boundary of the liquid region. The blue curve is the edge £. Here we expect to see the 
Airy process. The remaining part of the boundary is the red lines and the top line {(a;, 1) : —1 ^ a; ^ 1}. 
Here we do not expect to see any universal edge fluctuations. 

Acknowledgements: This research was carried out at the Royal Institute of Technology (KTH), 
Stockholm and Uppsala University, and was partially supported by grant KAW 2010.0063 from the Knut 
and Alice Wallenberg Foundation. The authors would like to thank Kurt Johansson for helpful discussions 
and useful suggestions. Finally, we are indebted to Samuel Holmin for the proof idea of Lemma |5.31 and 
for pointing out the reference HU in relation to Hypothesis 11.21 


2 Preliminaries 

2.1 Integral Means and the Boundary Behavior of and PvJ(u„) 

When studying the asymptotic behaviour of {xc(wn),ric{wn)) for non-tangential sequences such 

that lim„_>oo Wrt = x, it is natural to first try to estimate and Pv,^f{un) separately. We will 


X 
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not attempt to classify all possible situations for which a point is regular, but contend ourselves with 
providing sufficient conditions which cover many interesting cases. In particular, we provide sufficient 
conditions for ^ 0 for a non-tangential sequence Un + ivn x e as n ^ +oo. To 

achieve this it will be natural to consider certain means of the function /. 

Recall that the Lebesgue set .if/ of an function / is the set of all a; G K such that 

1 nX + h 

l/W -= 0. (2.1) 

h^o+ 2h 

It is a well known result that the set of points which fails to be Lebesgue points has Lebesgue measure 
zero, see m- If X does not belong to the Lebesgue set of / one may try to redefine the value of f{x) 
at X such that (EH) holds. If this is not possible then x does not belong to the Lebesgue set of / for 
any / G [/] G L^(]R), where [/] denotes the equivalence class of / in L^(]R). In particular we note that if 
/ s Pc.i(®) (j2.1|l holds then 

2 px+h ^ px+h ^ px 

lim — / f(t)dt = lim — / f(t)dt = lim — / f(t)dt = f{x). 

Of course the converse of this is not true in general. However, if f{x) = 0 or f{x) = 1 then in the first 
case we have 


l/(i) -/(a^)l* 

h^0+ Ztl 


lim — 
h^o+ 2h 



f{t)dt = 0 


or in the second case 


l/(i) - 


lim 
h—*o+ 2,h 


^ px+h ^ px-\-h 

— ~ TT / 

Jx-h 2/l 


f{t)dt = 0. 


Therefore let 


fix) = F\x) 


lim 

/t^0+ 


F{x + h) — F{x 
2h 


h) 


( 2 . 2 ) 


where 


F{x) = f dn{t), 

J —00 

and note that the limit (1^ exists for almost every x, in particular for every x in the Lebesgue set of 
/. Functions / G L^{M.) defined through (12.21) are said to be strictly defined^ (see page 192 in [H]). We 
will therefore always assume that the density / in the equivalence class of densities of the measure /i 
is defined by (12.21) . and the Lebesgue set of / will always be with respect to this density. Moreover, it 
will be important to study not only the properties of the density / but also of its Hilbert transform Hf, 
where 


nfix) := hm - f 

£—>0 TT J^x—t\>€ ^ ^ 

and where this limit exists for almost every x. It is a well-known fact in the theory of singular integrals 
that the Hilbert transform is a bounded operator on L^(K.) for every 1 < p < cx), see for example Theorem 
4.1.7 in [6]. Since / G p^]^(K) it follows that / G L^(K.) for every 1 ^ p ^ oo, and hence that 77/ G L^(K.) 
for every 1 < p < oo. 
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As was remarked before, we will be interested in considering non-tangential limits. That is, if m : HU ^ K., 
we will say that u has a iioii-tangential limit I a.t Xq e M. = dH, if for each a > 0, 

lim u(x, y) = 1. 

ix,y)^ixo,0) 

(x,v)sTc,ixo) 

Similarly, we will say that a function u : HI —> R is non-tangentially bounded at xq if for every a > 0 we 
have that 


sup \u{x, y)\ < 00 . 

ix,v)eri^{xo) 

For many estimates it will prove useful to introduce the Hardy-Littlewood maximal function m f , defined 
at a; e R for / e L^’(R) for 1 ^ p ^ oo by 

m/(a;) := sup^ /" \f{t)\dt. 

h>0 Jx — h 


Recall that, Pvf{u) is the Poisson integral of the density /. However, by Lemma 1.5 in chapter VI in 
m, Hvf{u) = Pv{TLf){u), that is Hyf{u) is the Poisson integral of the Hilbert transform of /. Now 
Theorem 3.16 in chapter H of m implies that lim„_>oo Pu„/(Mra) = x for non-tangential limits at each 
X G ^f, thus in particular almost everywhere. Similarly, Hyf(u) has the non-tangential limit 'R/(x) at 
every x 6 thus in particular, almost everywhere. Finally, Theorem 1.4 in chapter VI of [14] shows 

that m-Hf dominates Hyf in the following sense: 

sup \Hyf{u)\ ^ dam-Hfix), (2.3) 


where the constant da does not depend on x. Moreover, Lemma 1.2 in chapter VI in mi states that 

f{x — t)dt I 


lim \Hyf{x) 

D —>0 + 






= 0 


(2.4) 


at each point x in 

Remark 2.1. Note that in Lemma 1.2 in mii -^/ is the Lebesgue set of / and not of Hf. It should 
be noted that (12.41) does not apply for arbitrary non-tangential limits, as can be seen by considering 
the function f{t) = (log(|t|“^))“^X[-a,a] (t) at 0, for some a > 0. However, if / satisfies the following 
Dini-type condition: 



Ifjx) - f{t)\dt 

\x-t\ 


< -1-00, 


(2.5) 


then for all non-tangential limits {it„ -I- ivn}n that converge to x, lim„^oo Hy^f(un) = T-Lf^x). For a proof 
of this fact see Proposition 16.11 in the appendix. 

So far we have not used the fact that / G L®(R) and its consequences for its Hilbert transform Hf. 
However, the fact that / G L®(R) implies that Hf G BMO, where BMO, denotes the class of functions 
of bounded mean oscillation. A function / G BMO if 

/" \f{t) - Mf{x,h)\dt < +(X), (2.6) 

xeE J x—h 

h>0 


where 



f{t)dt. 


Mf{x,h) : 
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The left hand side of (12.61) is the BMO norm of / and is denoted by ||/||smo- In particular it follows 
that if / e BMO, then nif G BMO, see Theorem 4.2 (b) in [13]. Moreover, functions of bounded mean 
oscillation are for every 0 < p < oo. Finally, functions / G BMO satisfies the John-Nirenberg 

inequality: 

\{t e [x — h, X + h] : \f{t) — Mf{x, /i)| > a}| ^ ci exp ( — C 2 ,, - ]2h (2.7) 

V WjWbmoJ 

for some positive constants ci,C 2 independent of x. For more details see for example |16| or |5|. 


If / G C^’“(R), then for every x,y e Ik, and every k, there exists a constant C, such that \ f{x) — f{y)\ < 
C\x — y\°‘. This implies, (see |9]), that for every x,y e Ik, there exists a constant c, that depends on x, 
such that \Hf{x) — Hfiy)] ^ c\x — y\°‘. Thus, in particular Hf G C{Ik), for every k. Note however that 
Bf need not be continuous on the set dik- 


For / G L^(R) and p > 0 let 


MRf{x,y) 

MLf{x,y) 

AMf{x,y) 

Amf{x) 

m^^{x) 


rx+y 

J. ■ 


f{t)dt 


y Jx-y 
I rx+y 

y Jx 

sup\AMf{x,y)\ 

y>0 

sup \Mf{x,y)\ 

0<y<6 


f{t)dt [ f{t)dt 
y J x—y 


for a; G M and y G R+. It follows from the fact that 0 ^ f{t) ^ 1, that 0 ^ MRf{x,y) ^ 1, 0 ^ 
MLf{x,y) ^ 1 and —1 < AMf{x,y) ^ 1 for all {x,y) G H. In particular Amf{x) is a maximal function 
for the cancellation of the right sided and left sided means, and mj{x) is a truncated maximal function. 
As will be shown in Lemma [2^ it is the size of AMf{un, u„) that controls the growth rate of the function 
'x\Hvnf{un)\ for non-tangential sequences + ivn G IH as Un + ivn ^ a: G R as n ^ +oo. In particular, 
we have the following important Lemma: 

Lemma 2.1. Assume that x G Snt{td)° and that f G Then 


\AMf{x,y)\ < 1, 


( 2 . 8 ) 


and 

\AMf{x,y)\^- (2.9) 

y 

for all y > 0. 


Proof. Assume the contrary. Then there exists a y* > 0 such that \AMf{x,y*)\ = 1. It is clear from 
the definition of M^f and M^f that either Mjifix, y*) = 1 and Mkf(x, y*) = 0 or that Mkf{x, y*) = 1 
and MRf{x,y*) = 0. In the first case this implies that f{t) = 1 for a.e. t e [x,x + y] and that f{t) = 0 
for a.e. t B [x — y,x]. This implies that (x,x + y) c R\supp(A — p) and (x — y,x) c R\supp(y). Thus, 
X G i? 2 - This however contradicts the assumption that x G iS„t(/i)°. The other case is analogous. To 
prove (EH), we note that 


\AMf{x,y)\ ^-f f{t)dt f{t)dt 

y Jx—y y J w 


1 

I 

y 


since / > 0 and / G 


□ 
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In what follows it will be useful to define: 

Definition 2.1. 


fnix) 


nx + h 


lim sup h) = lim sup — 


h^0+ 


h^0+ 




1 px + h 

liminf h) = liminf — / f(t)dt 

h^o+ h^o+ h 

limsupMi/(x, h) = limsup — / f{t)dt 
h—*0+ h—*0+ ^ Jx — h 

1 r 

liminf h) = liminf — / f(t)dt. 


Lemma 2.2. Fix x e SntilE)- 


c{x) := max{|/+(a;) - (a:)|, \f^{x) - fji{x)\} 


( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 

(2.13) 


Then for every £ > 0 and every non-tangentially convergent sequence to x, such that {it„ + 

iVn}n ^ rfc(2:), there exists an N > 0 and a constant C = C{e,x,k), such that 


If in particular x e .if/, then 




5l^“"/(“”)l ^ CU 


1—s 


Finally, we have the identity 



AMf{u, t)dt. 


(2.14) 


(2.15) 


(2.16) 


Proof. Assume that + ivn}n is non-tangentially convergent to x. Then {u„ -I- ivnjn c rfe(x) for some 
k > 0. An integration by parts gives 


TrHy^f{u„) = 


tf{un - t)dt 


^ + 00 

Jo 


-[f{Un -t)- f{Un + t)]dt 


r i [ i “’'‘‘“I4 (er^) 


\AMf{u„,t)dt. 


Choose d = max{l, k}. Write, 

d f t \ /'+® d f t \ 

— _i_ rl") 

— + ^2 • 

By Lemma I^TT] 



Now consider so that t > dvn 5= kvn > |u„ — 


(2.17) 

(2.18) 
(2.19) 


x\. Then, 
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AMf{Un,t) = j 


nUn+t rUn 1 nX-\-\Un — X)-\-Z p 

/ f{y)dy - / f{y)dy = - f{y)dy - / 

J Un. J Un—t J ^ L^x + iun—x^ Jx 


1 

t 

1 

t 

(U, 


^£c + (un—a:)+t 


f Un—t 
r'X + {Un —x) 


X + {Un — x)+t 
X + {Un —x) 


rx+{un—x) 


/ f{y)dy- / 

J X J X 

{Un -x) + t r-+(un-A+t 
{Un - x)+t 
x) +t 


f{y)dy - 2 


f{y)dy - 

(u„ - i 


+ {Un—x) — t 
X-\-{Un —x) 


f{y)dy 


{Un - x) 


f{y)dy- / 

: + {Un — x)—t «/ X 

rx + {u,^-x) , _ / 


f{y)dy 
x) r 


t 


ill — 3^) t — ill. 

Mfif{x, {Un -x) +t) - - f-Mufix, (Un - x)) - 


t- {Un- X) 

x) 


t 


t 


+ {Un—x) — t 

MLf{x,t- (u„ 


f{y)dy 

-x)). 


li Un — X < 0, then similarly, 


AM/(u„, t) = -- ^^Mr/^X, t-{x- Un)) + 2 ^^ X-Un)- ——^ 

Let 0 < e < 1. By definition, there exists an iV = N{e) and an h = h{e,x) < 1, such that 


MLf{x,t+ (x 


Un))- 


/r ( 2 ;) “ ^ ^MRf{x, {un -x) +t) ^ (x) + e 

fa (^) “ ^ ^MRf{x, {Un - x)) ^ (x) + £ 

/r (x) - £ ^MLf{x, {Un - x) - t) ^ fa (x) + £ 


whenever n > N and dvn < t < h and Un — x ^ 0, and 


fa (x) - £ ^MRf{x, t-{x- Un)) ^ fO, (x) + £ 
ff (x) - £ ^MLf{x, (x - Un)) < ft (x) + £ 
fl (x) - £ ^MLfix, (x - Un) + t) ^ fa (x) + £ 

whenever n > N and dvn < t < h and — x < 0. Thus, when Wn — x ^ 0 and n > N and dvn < t < h , 
AMf{Un,t) ^ ^ ^ -(/+(x)+£)-2l^y^(/^(x)-£)- la-!(/-( 3 ,)_e) 

< fa - fa (x) + 2£ + ^\ f+ {x)+e- 2{f- (x) - £) -f iff (x) - £)) 

= fa - fa + 2£ + ^\ fa (x) - 2/^ (x) + ff (x) + 2£) 

< /fl(a;) - faix) + 2s + , 


An*- /» / \ xl H~ i / p / \ \ y-. f^TT, xl / .. "t iU'Yl xl , ^ ^ 

AMf{un,t) ^ ^ ^ - (/^(x)-£)-2 ^ \ f+^x)+e) -- L^fa^x) + e) 

> fa- fa - 2£ + {faix)-£- 2(/^(x) + £) + {fa{x) + £)) 

= fa {^) - ft {^) - 2£ + (x) - 2/+ (x) + (x) - 2£) 

If instead Un — x < 0, then whenever n > N and dvn < t < h and e sufficiently small, then similarly 

AMf{un,t) ^ fa{x) - ff{x) + 2£+ ^ 
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t) ^ (a;) - //(a:) - 2e - ^ 

Hence, changing e to £:/2 in the calculation above we have for dvn ^ t < h{e,x) 

|AM/K,t)|^c(x) + e+^^^. (2.20) 

Note that | )| = when t > With dri„ ^ t ^ h, we can write 

■ (Ia /w ) (“ A (i^) ‘0 "" 

Use the estimate (12.201) for dvn ^ t ^ h, (12. 8|) for h ^ ^ 1 and (12.91) for t > 1. This gives 



We can now evaluate the integrals and use \un — x\ ^ kvn- Some straightforward estimates give 


r(")i 


< 


{c{x) + e) log/ 


' 

(d2 + l)vl 


6k 

+ 2 + — + log / 


i R^ + vl 

+ v'i 


Together with (12.171) and (12.181) this proves (12.141) together with an appropriate constant C = C{e^ x, h). 
Finally, inequality (12.151) follows from the fact that c(a;) = 0 whenever x e Af/. □ 

Remark 2.2. We note that inequality (12.141) is trivial whenever c(x) = 1 since ^ c, for some 

positive constant c, whenever / e ]^(]R). 

The following Lemma is a similar to Lemma 12.21 but we only consider orthogonal limits. The estimate 
we derive will not depend on some e > 0. This will be needed in the proof of Proposition 14.21 

Lemma 2.3. ITe have the estimate 




( 2 . 21 ) 


for x > 0, where c is a positive constant that does not depend on x. 
Proof. Using (12.161) . we get the estimate 


Tr\Hvf{x)\^ sup |AM/(x,t)| [ t^(-^^-^']dt + sup |AM/(x,t)| [ 

OsStsSi; Jo dt\p + v^j usSisSl 

Now using (12.81) in the first term, the definition of Am/(x) in the second expression and (12.911 in the last 
expression to see that 


-tl( 


dt\t'^ + v'^ 


dt 


7r|iL„/(x)| ^ C + Amf{x) log(x 


where C is a numerical constant. 


□ 
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We will now consider the denominator sin(7rP„/(M)) in (11.251) and (11.261) . As will be shown in Lemma 
12.51 the size of sin(7rP„/(M)) can be estimated from below by f(u,dv) for some arbitrary d > 0, 

rather than the quantity AMf{u,v) as in Lemma [2.21 

Lemma 2.4. For any m e K and v > 0, 


0 < P„/(m) < 1. 


Proof. Clearly, Pyf{u) > 0 since ||/||i = 1 and /(t) > 0. Similarly, using that / has compact support so 
that supp(/) c [—for i? > 0 sufficiently large, we get 




/(«) = l [ 

^ Jm 


1 f vf{t)dt ^ 1 


(u — TT J_^ {u — 


vdt 


< 1 


since f{f) ^ 1. 

Lemma 2.5. For any fixed d> 0, 


□ 


sin(7rP„/('u)) > „ m.\n{Mf{u,dv),M{l - f){u,dv)}. 

1 + 


Proof. Using the inequality 


1 1 
Sint 5= — — - 2t — TT 
4 4 


valid for t e [0, tt], we get using Lemma \TM 


sm{TrPyf{u)) > ^ - ^|27rP„/('u) - 7r|. 


We now use the inequality 


> 


1 1 


(m — t)2 + 1 + d^ V 

valid for t e [u — dv,u + dv] and any fixed d > 0, to get 


nPvfiu) ^ f 

J U 


vf{t)dt 




1 1 


-I nU-\-dv 

- / f{t)dt 

^ Ju—dv 


2d 


and similarly. 


Since 


u-dv {u - t)2 + z;2 1 + df V jy_dy I + df 


T^Pvf{u) = TT - 7rP„(l - f){u) ^ TT - “ f){u,dv). 

1 + Ct^ 


:Mf{u,dv), 


\2TrPyf{u)) - 7r| = 


2TTPyf{u) - TT if Pvf{u) > i 
TT - 27rP„/(u) if Pvf{u) < i 


1 1 


TT 

4 


i|27rP„/(M) - 7r| = 






[ f - ^Pvf{u) if Pvf{u) ^ I 
I fp„/(w)) ifp./(w)<l 

I - f){u,dv) if P„/(u) ^ i 

1 T^Mf{u,dv) if Pyf{u) < i 

. ^ ,2 niin{M/(M, dv),M{l - /)(m, dv)} 
1 + 


□ 
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Lemma 2.6. Fix x G 5„t(/j,). Let 


h{x) := -min{2-/+(a:)-//(a;),/^(x) + /i(a;)} 


( 2 . 22 ) 


Consider a non-tangentially convergent sequence such that {un + ivn}n ^ and fix e > 0. Then, 

2k 

sin(7rP«„/(u„)) > ^ (Kx) - e) 

for n sufficiently large. 

Proof. By definition |m„ — x| < kvn for all n. Choose d = 2A; in Lemma 12.51 Assume Un — x > 0. Then, 


1 pUn+2kVn 1 p 

Mfiu,.. 2 k,„.) . fm - 


r + {un—x)+2kvn 


n J Un—2kVn 
ox + kv. 


lC-\-{Un — x)—2kVn 


f{f)dt 




AkVr, 


pX-<rKVn -I rx 

Jx Jx — kVr, 


> + MLf{x, kv„)) 

and the same estimate holds if — a; < 0. Thus, 
min{M/(M„,A;n„),M(l - /)(w„,fcw„)} 

> i min{M_R/(x, fcn„) + MLf{x, kvn), Mr{ 1 - f){x, fcv„) + Ml{ 1 - f){x, kvn)} 

> b{x) — e 

whenever n> N = N{e) say. Then Lemma 1^751 implies that 

2k 

sin(7rP^„/(u„)) > ^ ^ (Kx) - e) 

whenever n > N. 

We now give a version of Lemma 12.61 for orthogonal limits that will be need in Proposition 14.21 
Lemma 2.7. Fix x G Sntiiu). Then, for any fixed S > 0 

1 


for all 0 < V < S. 
Proof. Since 

and 


sin(7rP„/(a:)) ^ - min{l - m^x), 1 - ml_f{x)} 


inf Mf{x,v) = l— sup M{1 — f){x,v) ^ 1 ~ m{_f{x), 

0<v<S 0<v<6 


inf 1 — Mf{x,v) = l— sup Mf{x,v) ^ 1 — mf{x), 
0<v<S 0<i>«5 


the result follows immediately from Lemma 1^751 with d = 1. 


□ 


□ 


Lemma 2.8. Fix x G Sutik)- Then for every sequence {u„ + c rfe(a;) which converges non- 

tangentially to X, we have for every e > 0 sufficiently small 


\iXc{Un,Vn) - Un,T]c{Un,Vn) - 1 ) | < 


1 + 4fc^ V^Cvi ^ 
2k b{x) — e 


(2.23) 


where C is the same constant as in Lemma \2.2i 
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Proof. From (11.251) and (|1.26|) we see that 

\sm[TrPy^f{Un)]\‘^\iXciUn,Vn) - Un), r]{Un, Vn) C “ 1) P 

^ - cos(^P„„/(m)) 2 + - 2 cos(^P„„/K))^z;2 

^ + 1)^ + + 2)2i;2 


by Lemma I2.2L whenever n is sufficiently large. Hence, by Lemma 12.61 


\{Xc{Un,Vn) 


Un,Vc{Un,Vn) “ 1 )| < 


1 + AP 

2k b{x) — e 


if e < h{x). □ 

We conclude this section with a similar estimate as in Lemma 12.81 for orthogonal sequences, but where 
the constant is independent of x. 

Lemma 2.9. For every x G <S„t(/r) and <5 > 0, there exists a constant c > 0 independent of x and 6, such 
that 


whenever v < 5. 


\{xc{x,v) - x,r]c{x,v) - 1)1 ^ 


2V^cv^-^^f^^'> 
minjl — m^j{x), 1 — rn^_j:{x)} ’ 


(2.24) 


Proof. Combining Lemma 12.31 and Lemma 12.61 a similar computation as in the proof of Lemma l2. 81 gives 

([221. □ 


3 Regular Points 

In this section we will discuss various sufficient criteria for a point to be regular and give examples of 
cases where these occur. As we shall see, it is natural to distinguish between regular Lebesgue points 
and regular non-Lebesgue points. This is due to the different behavior of 7L„„/(u„) and Pv„f(un) for 
non-tangential sequences + ivn}n G H that converge to a regular point x, depending on whether x is 
in the Lebesgue set or not. 

3.1 Regular Lebesgue Points 

We will first consider the cases when x belongs to the Lebesgue set of /. The following proposition may 
be viewed as characterizing the typical case when a point x is regular: 

Proposition 3.1. Assume that x G Sntifj) H-^/ 0 < fix) < 1. Then x is regular. 

Proof. Since x belongs to the Lebesgue set of / we have by Lemma [2.21 that ^ 0 for a 

non-tangential sequence -I- zu„ G HI such such that lim„_.+oo Un -I- ivn = x. Moreover, (see page 11) 

lim Pv^fiun) = fix) 

n^+00 

also holds for every such sequence. Hence 


lim 
n —»-00 


Vne cos(7rP„„/(u„)) 

sin(7rP^„/(u„)) 


= 0 











22 


and 


- 2x;„ cos(^P.„/(»„)) ^ ^ 
n^co sin(7rP„„/('U„)) 

hold, which implies the claim by (11.251) and (11.261) . □ 

We now consider the remaining cases where f{x) = 0 or /(x) = 1. 

Proposition 3.2. Assume that x e Sritih-) ^^6 Lebesgue set of f and that f{x) = 0. Fur¬ 
thermore, assume that = oo and that Hyf(u) is non-tangentially bounded at x. Then x is 

regular. 

Proof. Since x belongs to the Lebesgue set of / and f{x) = 0, we know that for every non-tangential 
sequence {un + c H we have lim„^+oo Pv„fiun) = 0. Moreover, sup(„ „)gpi (,j,) |iL.i,/(u)| = da < 

+00 by assumption. Consequently, for any non-tangential sequence {un + ivn}n ^^(x), such that 
lim„_,oo Un + ivn = X we have 


lim 

n—»-00 


v^\g,AHvr,fiu„)\ - cos{TrPy^f{un))\ 
I sin(7rP„„/(u„))| 




lim ■ 

n—>00 . 


+ i| 




f{t)dt 

{un-ty+v'^ 


= 0 


since by Patou’s lemma +oo = j^^dt ^ liminf„^oo /r (nj-tp+vi ■ 

Example 3.1. Let f{t) = |t|x[_i/ 2 ,i/ 2 ](^) + fX[i/ 2 , 3 / 2 ] (^)- Then t = 0 satisfies the conditions of Propo¬ 
sition 13.21 

Corollary 3.1. Assume thatx G Sntih) fl-^/ Lebesgue set of f and that f{x) = 1. Furthermore, 

assume that \x-ty ~ Hyf{u) is non-tangentially bounded at x. Then x is regular. 

Proof. We see that 


sin(7rP„/(u)) = sin(7r - 7rP„(l - f){u)) = sin(7rP„(l - f){u)). 


Now, repeating the same argument as in the Proposition 13.21 for 1 — / gives the same result as before. □ 

Example 3.2. Assume that for some 5 > 0/||-_^^j(t) = t^X[-^,o)(^) + logV^ A[o,i5](^)■ Then / is continuous 
at t = 0, in particular t belongs to the Lebesgue set of /. However, since 



I/ft) - f{-t)\dt 

t 




tdt = + 00 , 


we have that |H(x)| = +oo. Therefore this example does not satisfy the assumptions of Proposition 13.21 
However, this example is covered by the following proposition: 

Proposition 3.3. Assume that x G 5„i(p) H-^/ Lebesgue set of f and that /(x) = 0. Further¬ 

more, assume that there exists constants c, 0 < /3 < 1 and (5 > 0 such that either 


Mfl/(x,t) ^ ct^ 


(3.1) 


or 


MLf{x,f) ^ ct^ 


(3.2) 


holds whenever t ^ 5. Then x is regular. 
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Proof. Let c rfe(a:) be non-tangentially convergent to x. Using Lemma |2.5I with d = 2k, a 

similar computation as in Lemma 12.81 gives 


\{Xc{Un,Vn) - Un,Vc{Un,Vn) “ 1 )| < 


< 


1 + 4fc^ V^C(£)u^-^ 

k Miif{x,kVn) + MLf{x,kVn) 

1 + 4fc^ V^C{e)v^-^ _ 1 + V^C{e)vj,-^-^ 

k ck^v^ k ckd 


for every e > 0 sufficiently small. Choosing e so small that 1 — e — fi > 0 shows that \{xciun,Vn) — 

Un,r]ciun,Vn) - l)\ ^ 0 as n ^ CO. □ 

Remark 3.1. We expect that the assumption that = +oo is sufficient for the point x to be 

regular, irrespective of whether |iL„/(it)| is non-tangentially bounded at x or not. Moreover we note 
that if / e Cg’“(]R), then the set of points such that f{x) = 0, a; is a Lebesgue point and \Hvf{u)\ is 
non-tangentially unbounded, is empty. This is due to the fact that if / is locally Holder continuous, the 
so is Hf, which implies that \Hyf{u)\ is non-tangentially bounded. 

With this remark in mind we are lead to make the following conjecture: 

Conjecture 3.1. Assume that x e Snt (/r) is in the Lebesgue set of f and that f{x) = 0. Furthermore, 
assume that = +oo. Then x is regular. 

Remark 3.2. The situation in Proposition 4 is slightly special in the sense that the point x is regular 
due to the fact that 'Hf{x) = 0. If this is not the case then the point is singular by Proposition 15.41 

Proposition 3.4. Assume that x e (/r) P) .jSfj. Furthermore, assume that 'Hf{x) = 0 and that 
/r (z-tp ^ + 00 , or that < +oo. Then x is regular. In particular this holds when f is 

symmetric around x, that is if f{x — f) = f{x + t) for all t. 

Proof. We consider the case when < +oo. Note that this implies that f{x) = 0 which in 

turn implies that = /r < +°0- However, by Remark 12.11 and our assumption that 

Hf{x) = 0, this implies that all non-tangential limits of Hy^f(un) converge to 0 at x. Thus, for every 
non-tangential sequence {u„ + iunj^^i c H we have 


lim -cos(7rP„„/(u„))| 

n—►OO 


lim - cos(7rP„„/(u„))| = 0. 

n—>00 


Since 

1 ■ ^ 

. / n -77-77 = - J77\ - < 

Sin(7rP„„ * f{un)) ji^dt 

the result follows. □ 

Example 3.3. Let f{t) = t‘^X[-i,i]{t) + X[-i-i/6,-i](i) + X[i,i-i-i/6](^)- Then cc = 0 satisfies the assump¬ 
tions of Proposition 13.41 

3.2 Regular Non-Lebesgue Points 

In this section we will provide sufficient conditions that can be used to show that certain non-Lebesgue 
points are regular. 

Proposition 3.5. Fix x e SntifJ-)- Furthermore, assume that 

c{x) = min{|/+(x) - fl{x)\,\fl{x) - /^(x)|} < 1 
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and that 


b{x) =min{2-/+(a:)-/+(a;),/^(a:) + /i(x)} > 0. 


Then x is regular. 

Proof. Let {m„ +c rfe(a:) be non-tangentially convergent to x. Choose e > 0 so that 1 —c(x) — e > 0 
and b{x) — £ > 0. Then Lemma gives 


\{Xc{Un,Vn) - Un,r]c{Un,Vn) “ 1 )| 


1 + 4fc^ 

2k b{x) — £ 


0 


as n ^ 00 . □ 

We now give two examples where one can use Proposition l3.5l to conclude that a point (x = 0), is regular. 
The difference between the examples is that we will be able to use Proposition 14.21 to also conclude that 
in the first example x = 0 is also a generic point. In the second example however, out analysis in the 
present paper is insufficient to determine whether x = 0 is a generic point or not. 

Example 3.4. Let f{t) = i| sin(<-i)p/ 2 ^^__^ where a is chosen so that ||/||i = 1. Since 0 ^ 
f(t) ^ 1/2 for all t e [—a, a], it follows that c(0) < 1 and that /^(O) = //"(O) < 1. By symmetry of /, 
Miif{0,h) = Mi/(0, h). Take h > 0 sufficiently small, and choose an integer n, such that 7r(n — 1) < 
Ifh < irn. Then using that sint 5= ^t when 0 ^ ^ tt/2 

1 1 r® rl'r 

MRf{0,h) = ^ |sin(f-i)p/2^t = — ^ |sin(x)|i/^^ 



Hence, /^.(O) = (0) > 0, which implies that b{x) > 0. Thus, x is regular. 

Example 3.5. Let /„ = (2-(’"+i),2-"] and let 

+ 00 , X +00 

/W = E ( 1 + Xl 2 ki-t)) + E + + Xl 2 ^ + ^{-t)) + X(l/2,a]{t), 

k=l ^ ' k=l 

where a is chosen so that f{t)dt = 1. One can show that 

3 

limsupMi^/(0, h) = limsup Mi/(0, h) ^ - < 1. 
h^0+ /t—0+ 4 

Similarly, one can also show that 

liminf M/j/(0, h) = liminf h) ^ - > 0. 

h^0+ /t-.0+ 4 

Similarly, one can show that lim/j^o+ -^/(Oi^) does not exist. Hence, x = 0 does not belong to the 
Lebesgue set of /. However we see that / satisfies the conditions of Proposition 13.51 This implies that 0 
is a regular point. 

In this proposition we consider a particular case of when / jumps from 0 to 1 or 1 to 0 in mean. 
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Proposition 3.6. Assume that x e /o*' some 6 > 0 we have either 


f{t)=X[x,x+5]{t) + ‘f{t) (*) or 

f{t) = X[x-s,x]{t) + (p{t) (n). 


Furthermore, assume that x belongs to the Lebesgue set oftf, f{x) = 0 and that \'Hip{x)\ = +cx). Then x 
is a regular point. 

Proof. We prove the proposition assuming (i) holds. The case when (ii) holds follows from case (i). 
Fix an arbitrary k > 0 and let + ivn}n G rfe(a;) be an arbitrary non-tangential sequence such that 
lim„^+oo Un + ivn = X. A computation gives 


ttP,, 


rx+S 

,f{Un) = / 

J X 


i,dt 


{Un - ty + 


+ 


T.ip{t)dt 


{Un - ty + vl 


Un- X Un - X - 6 

= arctan-arctan-h 7TFy^(p[Un)- 


Hence, 


TT TT 

— — arctan fc + o(l) ^ 7rP„„/(u„) ^ + arctan fc + o(l) 


since \un — a;| < kvn and lim„_.oo 7rPu„ (/?(«„) = 0 since a; is a Lebesgue point of p. This implies that 
I sin(7rP„^/(u„))| 5= > 0, for some constant ci. We now consider 7rHv^ip{un). A simple modihcation 

of the proof of Lemma [221 shows that for every e e (0,1) there exists a constant C = C{e, k, x) such that 
\TrHy^ip{un)\ ^ elog(?;“^) + C. 

We now show that in fact n'Hip{x) = +oo. By assumption (p{t) ^ 0 for all t e [a;,a; + (5] and (p{t) > 0 
otherwise. Hence, 


lim 


(x — t)(fi(t)dt 

Li (x-ty + v^ 


lim 

11^0+ 


r+ U(x-tMt)\dt 

(x - ty + 


+ 00 


by assumption and Lemma 1.2 in chapter VI in ng. 

We now show that in fact we must have lim^^oo TrHv^ipiun) = +oo. Since x is in the Lebesgue set of <p, 
we have 


/ 


since 


jUn - t)ip{t)dt ^ 

{Un - ty +Vl ^ ^ A 

.+2|u„-.| 


R\[x—2|nn —x\,x-\-2\un—xW 


{Un - t)ip(t)dt 
-xll {Un - ty + vl 


/ 

J X- 


k-2\u„-x\ i.'O'n ty + n. 

There exists a constant c > 0, such that 

\Un - t\ 


1 px+2kv„ 

\^{t)\dt = 0{l). 

Vn Jx—2kvn. 




{Un - ty +vl \X - t\ 

for all t e ]R\[a; — 2 |m„ — x\,x + 2|u„ — a;|]. Consequently, 


7rHy^ip{Un) > o(l) + c / 

Jr\ 


(p{t)dt 

x—2\un—x\,x + 2\un—x\] X t 


Since lim£^Q+ ‘^xlt* ~ 'H(p{x) = +oo, the result follows. 
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A computation gives 




rx+S 

J X 


(Un — t)dt 


+ 


/ 

JR 


{Un - t)(p{t)dt 


{Un - tf + Vl Jr {Un - tf + Vl 
= log V {Un - xY + vl - log V^(ar+T—_|_ TTHy^(p{Un) 
= log ■\J'k\v\ + vl - log + 7riJ„„v?(it„) 

= log(u„) + log V^n + 1 - log V(a^ + ^ “ 

= log(u„) + TTHy^ipiUn) + 0(1), 


where fc„ = (it„ — x^jvn and |fc„| ^ k for all n. Hence, 

- cos(7rP^„/(u„))| 
n^co sin(7rPj,„/(«„)) 

= lim cie-^^^r.‘PM+0(i) = 0. 

n—>00 

and 

- 2cos(7rP„„/(u„))| 

lim —- — 

n^cc sin(7rP„„/(u„)) 

= lim 
n—>00 

= lim = 0. 

n—>00 

This concludes the proof. □ 

Example 3.6. Assume that for some 5 > 0 = (1 — t'^)x[-s,o){t) + log^i X[o,( 5 ](^)- Then t = 0 

satisfies the assumptions of Proposition 13.61 

Remark 3.3. We note that if / e C^’“(M) then the set of points which satisfies the assumptions of 
Proposition 13.61 is empty. 


4 Generic Points 

4.1 Generic Points Are Dense 

Proposition 4.1. Define the set G c Snt{h)° — {supp(fi) n supp{X — p))° according to 

G:=5„*(p)°n-^/n ^vnyij P|{t eR : 0 </(f) < 1} (4.1) 

Then every x e G is regular, and G is dense in Snt{h)° ■ Furthermore, for every interval I cz SntilJ-)° , 
|GPl/| = A(GPl/) > 0. If in addition the inequality 0 < /(f) < 1 holds almost everywhere in SntilJ-)°, 
then almost every x e <S„t(p)° belongs to G. 

Proof. By Proposition [3T] every a; e G is regular, and since G is the finite intersection of measurable sets, 
G is measurable. Since /, m-uf e P;^oc(®) ^ follows that almost every x e 5„t(p)° belongs to 
Let X = Snt{ljf° C\{t e R : 0 < /(f) < 1}. By Hypothesis 11.21 A(GPl/) > 0 for every interval / cz 
5„t(p)°, thus in particular If]G^ 0. This proves that G is dense in 5ret(p)°. Finally, if the inequality 
0 < /(f) < 1 holds almost everywhere in 5„t(/i)°, then X{X f]Sff OSutih-fi) = A(5„t(p)°)- □ 
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Remark 4.1. We believe that Hypothesis 11.21 is not necessary. That is, we believe that if Hypothesis 
O is not true, then Proposition 14.II remains true if the set G is changed to 

G = n {^M°\ (J'-t)^ < +“} U (x -^t)^ ^ ^“}) ) ’ 

This change of typical set however, would require a substantial change of Lemma |4.II 
We now give a lemma which will be useful for proving that dC{x) = {(x, 1)} for a typical set in Snt{^^r■ 

Lemma 4.1. Assume that x e G. Then there exists sequences {r„}„ c G and {ln}n c: G, such that 
X < r„_|_i < and In+i > In > x for all n and lim„_.oo = lim„_,oo In = x. Moreover 

max{supTO-H/(r„),supTO-H/(^n)} < +00 (4-2) 


and 


min{inf /(r„), inf(l - /(r„)), inf /(!„), mf(l - /(/„))} > 0. (4.3) 

n n n n 

Proof. Since 0 < /(x) < 1 we can take e > 0 so that 0 < /(x) — e < /(x) + e < 1, and since 
X e .Sff there exists an 5 = 6{e,x) such that 

\fit)-fix)\dt<^ (4.4) 

1 e 

^ J \mnfit) - mnfix)\dt < - (4.5) 

whenever h < 6. Now, assume that 

\{te [x,x + fe] : |/(t) - /(x)| < £}| ^ ^ 
h^0+ h 

Then there exists a sequence {hk}k such that limfe_,oo hk = 0 and ^ ^^ 2 ^ Conse¬ 

quently, \{t e [x,x + hk] : \ f(t) - f{x)\ ^ e}| > hk^l - e/2), and so 

1 fX+hk 

|/(i)_/(x)|dt>e(l-e/2)>- 

for all k since e < 1/2. However, this contradicts (14.41) . Therefore, let 

inf h~^\{t e [x,x + h] : \ f{f) — f{x)\ < e}| = d > 0. 

0<h<S 

Recall the John-Nirenberg inequality (12.71) and choose an N so large that 

f N \ d 

Cl exp - C 2 -^-^- < -. 

V \\m-Hf\\BMO J 4 


Then 


\{t e [x - h,x + h] : \m-Hf{t) - m-Hf{x)\ > iV + e}| ^ d 

2h "4 


so that 


|{t e[x,x + h]: \mnf{t) - m«/(x)| ^ N - e}\ ^ h 


dh 

Y 
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where we have used that if \m<^f(t) — h)\ > N then \m<^f(t) — m'^f{x)\ > N + \mfif(x) — 

Mm-uf{x, h)\ > N + e hy (14.51) . Therefore, by Lemma 

\{te [x,x + h] : \mnf{t) - mnfix)\ < e}P|{f e [x,x + h] : \ f{t) - f{x)\ < e}| > y 

for every 0 < h < 6. Fix an 0 < /iq < and choose an tq in {t e {x,x + ho) : |TO-H/(t) — m-Hfix)\ ^ 
N}r]\{t e {x,x + ho) : \f{t) — f{x)\ < e}|. Now take hi < min{ro, ho/2}, and choose ri in {t e {x,x+hi) : 
\m-Hf{t) — m'Hf{x)\ ^ N} f]{t e {x,x + hi) : \f{t) — f{x)\ < £}. Iteration of this process gives a sequence 
{rn}n with the desired properties since N is fixed, /(r„) > f{x) — e and 1 — /(r„) > 1 — {f{x) + e) > 0. 

A similar argument as above also yields the sequence {ln}n- d 

We now want to consider the question of whether we can determine dC{x) whenever x e (fi). Recall 
Lemma 2.5 in [2], where we showed that if a: e Snt{^J■)° and there exists a neighborhood of x such that 

sup{/(t),l -/(t)} < 1, (4.6) 

t^Nx 

then dC{x) = {{x, 1)}. Note that if the density / e C^’“(R), then every point x e for which 0 < 

f{x) < 1 satisfies this condition. If condition (14.61) is not satisfied for x e S//j.^{ii)°, then it is considerably 
harder to prove that d£{x) = {{x, 1)}. The reason is the following: Even though for some point x, one 
knows that for every point x' in a neighborhood of x one has that lim„^+oo(x£(r/;„), rjciwn)) = {x', 1) 
whenever {wn}n is a non-tangential sequence such that lim„_>+oo Wn = x', this does not necessarily imply 
that dC{x) = {(cc, 1)}. The difficulty comes from the fact that tangential limits also have to be considered. 

The next example illustrates the difficulty. 

Example 4.1. Let 

>p{x,y) = ei6/"%xp| - y)- 

Then Lp e (^“(IHI), and supp(i^) = {{x,y) e M : x'^ ^ y ^ 2x^}. Moreover, for every non-tangential limit 
{wn}n 6 such that lim„^oo = x, we have lim„^oo p>{wn) = 0. However, lim,j,^Q+ (p{x,3x'^/2) = 1. 
Hence, C'(H). 

The argument that is missing in order to conclude that for a regular point x e S//}^{y,), one has dC{x) = 

{(x, 1)}, is that if one for example specialize to orthogonal limits, then one need that lim„_.o+ {xc{y, v),ric{y, v)) 
(y, 1) uniformly, for every y in a compact neighborhood of x. We now prove that this is sufficient. 

Lemma 4.2. Assume that x e Snt{y)° = {supply) n supp{X — y))° is regular. Furthermore, assume 
that there exists sequences of regular points {r„}„ and {lm}m such that r„ > a; and r^ < x for all n,m, 
and such that lim„_,oo r^, = limm-.oo = x, and such that lim„_.Q+(x(r„, u), ? 7 (r„, u)) = (r„,l) and 
lirny^o+{xc{lm,v),'r]c{lm,v)) = (Im, 1) uniformly for all n,m. Then x is generic. More exactly, for any 
sequence -I- ivn e H such that lim„^+oo Un + ivn = x, 

lim {Xc{Un,Vn),Vc{Un,Vn)) = {x,l). 

n—>+00 

Proof. By possibly passing to a subsequence, we may assume that the sequence {wi}i is tangential and 
that ui > X for all 1. According to the assumptions, there exists a sequence of regular points {r„} such 
that Xn > X and lim„^oo = x, and limi,_.Q+(x£(rji, u), ry£(r„, u)) = (r^,!) uniformly for all n. In 
particular, for every £ > 0 sufficiently small, there exists a S = <I(e), such that 

\{xc{xn,v) — Xn,Vc{xn,v) — 1)| < £ whenever u < d for all n. Choose k < e/{ri — x) and consider the 
non-tangential line {t + ikt : f e (0, +oo]}. Since x is regular, it follows that limt^Q+ {xc{x + 1 , kt),r]c{x + 
t, kt)) = {x, 1). Consider the sequence of open sets defined according to 

:= {(u, u) e H : a; < u < r„, 0 < < k{u — x)}. 
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Then wi e Xn^'^ whenever I > L, for some L = L{n). Moreover, {xc{wi), Vciwi)) e since the 

map Wc is a homeomorphism. Then, 


\{xc{wl)-x,^c{w{) - 1)1 ^ d((x,l),lT^i(X«)) = d{{x,\),dWl\X^^'^)) 

whenever I > L{n). Note that d denotes the Hausdorff distance between sets, that is, \i X^Y c R^, then 

d{X, Y) = maxjsup inf |a; — ?/|, sup inf \x — y\}. 

xeX yeV y^Y 

Let Tn be the closed region, whose boundary dT„, can be decomposed into three components according 
to 


= {{xdx + t,kt),r]c{x + t,kt)) : t e (0,r„ - a;)} 

= {{xc{rn,t),7jc{rn,t)) : te (0,fc(r„ - a;)]} 

See figure [3] and m Since all and x are regular points and is a homeomorphism it follows 

that dT^ u dT^ cz dW^. Again, since is a homeomorphism and T„ is a closed set it follows that 

W^^{xd^) c Tn- First note that by assumption on the sequence there exists an A^i = Ni{e) such 

that Xn — X < e, whenever n > Ni. Hence, 


d{{x,l),dTd < e 

whenever n > Ni. By the assumption that x was regular, there exists an N2 = N2{e), such that 

d{{x,l),dTl)<e 

whenever n > N2. Finally, as discussed above by the assumption of uniform convergence, 

d{{x, l),dTd) < s 

for all n. Take N = max{A^i, A^ 2 }, and take n > N and I > L{N), then 

|(X£(i«;) - x,r]c{wi) - 1)1 ^ d{{x, l),dTn) < e 

Since e > 0 was arbitrary, this implies that limi_>oo |(x£(n;i) — x,ric(wi) — 1)| = 0, and the proof is 
complete. 


('an 5 an) 



Figure 3: The region xd’ is depicted above. The red dots represents the positions of the sequence 
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Figure 4: Depiction of the set T„. The dots represent the images of the tangential sequence under the 
homeomorphism 


□ 


We now show that all points in the set G defined in Proposition 14 .1 1 are generic. 

Theorem 4.1. Assume that x e G. Then dC{x) = {{x, 1)}. 

Proof. Let x e G. Take sequences {r„}„ c G and {ln}n c G as in Lemma [4.II and N,£ > 0 such that 

(4.7) 


and 


supjsup |iL„/(r„)|,sup |iL„/(Zfc)|} < N 

n,k v>0 i;>0 


minjinf min{/(r„), 1 - /(r„)}, inf min{/(lfc), 1 - f{lk)}} > e. 


(4.8) 


Assume that u e X := Then an integration by parts gives 


^TTPyf{u) = 2 


r' + OO 


(t-u) 




/-CO {{t-u)^+vW 

+ ” {t - U)2 

. {{t-u)^ + vW 


f{t')dt'dt 


t - u)xt>u)dt. 


Since u e X cz G, and thus in particular x e .if/P|{t e 5„t(/i) : 0 < f{t) < 1}, there exists a. S = S(u) 
such that mm{Mjif(u, t — u), Mail — f)(u, t — it)} ^ e/2 whenever |t — m| < 6. This implies that 


min{u ^Pyf{u),v ^Py{l - f){u)} ^ — 


{t - uf 


dt +00 


((t_«)2 + ^2))2 

as u —> 0+. We get from (jl.25l) and (jl.26p 

\sm[TrP.,f{u)])\‘^\{xc{'u,v) - u,r]c{u,v) - 1)1^ 

= - cos(^P„/(m))" + - 2 cos( 7 rP„/(u))' 

< v\l + el^“/(“)l)2 + i;2(2el"-^(“)l + 2)2 ^ 20v^e^^v^ 

by (FTI) . Since sm{TrPyf{u)) > | min{P„/(u), P„(l - /)(«)}, 


(4.9) 


\{xc{u,v) - u,r]ciu,v) - 1)1 ^ 




umin{7rP„/(it),7rP„(l - f){u)} 


V^e^ 


min{i; ^TrPyf{u),v %P„(1 -/)(zt)} 


:= gy{u). 


(4.10) 
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We now show that gy{u) is an increasing function in v for each u. We must show that 

min{u'“VP„//(u),u'“Vp„/(l - /)(«)} < min{u“ VP„/(u), u" VP„(1 - /)(«)} 

is a decreasing function in v. Since both v~^TTPyf(u) and v~^'!TPy(l — f){u) are decreasing functions in 
u, Lemma 16.21 shows that min{u“^7rPi,/(M), u“^7rPu(l — f){u)} is decreasing. Thus gv{u) is an increasing 
function in v for all a; G X. 

Note that by (jd.lOp . gv{u) ^ 0 as u —> 0+ for all ue X. We now show that gviu) is continuous function 
for all fixed v. It is sufficient to show that for some sequence {rm„}n such that lim„_>oo rm„ = x we have 
lim„_.oo (?’m„) = gv{x). However, this follows immediately from the fact that Pv(u) is a continuous 
function on H. Since X is compact in the subspace topology from R and 0 is a continuous function 
on X, it follows by Dini’s theorem that gv{u) ^ 0 as u ^ 0+ uniformly on X. The estimate (j4.10|) 
then shows that {xc(uix)^rjc(u^v)) —> (u, 1) uniformly on X. Hence, by Lemma 14.21 it follows that 
dC{x) = {(a;, 1)}. □ 

4.2 Sufficient Conditions for Points to be Generic 

We now give a proposition, which provides a sufficient condition for when the assumptions of Lemma 14.21 
are satisfied. 

Proposition 4.2. Assume that x G Snt{g)°, o-nd that the density f at x satisfies the assumptions of 
Proposition \8 . 51 so that x is regular. Furthermore, assume that there exists a S > 0, and sequences 
of regular points {r„}„ and {In}, such that rn > x and In < x for all n, and such that lim„_,oo r„ = 
lim„_,oo In = X. Furthermore, assume that 

max{sup Am/(r„),sup Am/(^ri)} = mi < 1 (4-11) 


and for some 5 > 0 

min{supmax{l — m^fipn), 1 — m^_^(r„)},supmax{l — m^j{ln), 1 — m\_f{ln)}} = m 2 > 0. (4.12) 

n n 


Then \\-TD.n^ao{xc{rn,v),r]c{rn,v)) = (a;, 1) and \im.n^ao{xc{ln,v),r]c{ln,v)) = (a;, 1) uniformly, and by 
Lemmait follows that dC{x) = {(a:, 1)}. 

Proof. We may assume that v < S. By (14.111) and (j4.12|) and Lemma [2T9l we have 


max{sup|(x£(r„,u) - r„, ry£(r„, u) - 1)|, sup |(x£(;„, u) 

n n 


rn,Vc{ln,v) - 1)1} sS 


m2 


This completes the proof. □ 

Example 4.2. Consider the density in Example lS.dl We had f{t) = i| sint“^|^/^X[_Q_(j](t), where a was 
chosen so that f{t)dt = 1. In Example 13.41 we showed that / satisfied the assumptions of Proposition 
l?31 at X = 0, which implied that 0 was a regular point. We now show that 0 is also a generic point. Since 
0 ^ fft) ^ 1/2 for all t G [—a, a], it follows that Am/(x) ^ 1/2 and Mf{x, h) ^ 1/2 for all x and h > 0. 
Choose = {tt/ 2 + 7rn)~^ and In = (7r/2 — 7rn)“^ for n > 0. Fix any h > 0 and let m be the integer 
such that 7r/2 + 7r(m — 1) < (r^ + h)~^ < 7r/2 + Trm. In particular we note that m ^ n. We now estimate 
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^h){= M{ln,h)) from below. If m < n, then 


Af/(r„,ft) = 4^/ |*mrY'’d( >jf^l 


Vn+h 


sins 


1/2 


ds 


(^n+Y)-! 


> 


> 


> 


^ r 

4:{rjn - r„) J,.-! 

-I n—] 

-brS 

1 7rmn 


sms 


1/2^ ^ 


4(rm - Tn) 


n—l 4 

Xl /_4 |sins|^/^ds 


^/2 


fe=m ' A;+l 

n—l 


4 (?'m rn) JO 

r dx 


Vtt ^sds = 




8(r™ - r„) (7r/2 + 7r(fc + 1))2 


> 


1 mn (n — m) 


1 


nm 


> 


8 (n — m) 7r2(a; + 3)^ 47r (n — m) {n + 3)(m + 3) 47r (n + 3)(m + 3) 

1 


12871 


If on the other hand m = n, then if 


7r/2 

7rn(7rn+7r/2) 


< h ^ 


^+77^/4 


then 


1 

Mf{r„,h)>— |sinty/^(it 

4ft J(r„,+h)-^ 


> 


TT^n^ + 7rV4 rV2+vr» 1^ _ ^^|l/2 


> 


(rn+?i)~^ 

TT^n^ + 71^/4 


471 (Tin + 




471 

7r/2+7rn 




dt 


71 — 7iny/^dt > ( —f o(l) 


1 


= - + „(l )>0 

and if then 0 < h < — , . then 

7rn(7rn+7r/2) * 


Mf{rn,h) > — 


(rn + Y)-! 


|sinty/2fit 


> 


1-1/2 .r-i |/_^„|l/2 


4h 


' (rn+^)“^ 


t2 


dt 


71 


- 1/2 


> 


4h 

^-1/2 

4/i 


arctan -y/l — t/^nn) \/t — Tin 




I(ftn + h) V (r„ + h) 1 - Tin) - r„Vrn^ - Tinj + o(l) > + o(l) = 


1 


4V2 


Hence, / satisfies the assumptions of Proposition 14.21 at x = 0, which implies that 0 is a generic point. 
Example 4.3. Consider the density in Example 13.51 where 
+'* / ]^ \ +'* ^ 

fit) = XI - ^jiXhkit) + Xhki-t)) + X + +X/ 2 >= + l(-/)) +X(l/2,a](/), 

]<•.= I ' ' ]<•.= I 


and where /„ = (2 ("+i),2 "], and where a is chosen so that J^f{t)dt = 1. If for any sequence {r„ 
we have that e (2-/"+i), 2“"), then for any h > 0 sufficiently small we have 


Mf{r2„,h) = 1 - — 
2n 


and 


Mf{r2n+i,h) = 


1 


2 n + 1 


+ o(l) > 0 
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This implies that inf„ M/(r„,/i), M(1 — f){rn,h) = 0. Therefore condition (14.121) is violated. If we on 
the other hand choose = 2“", then h > 0 for sufficiently small 

n 


Hence, sup„ |AM/(r„,ft,)| = 1 which violates condition (14.111) . Therefore the assumptions of Proposition 
IQ are never satisfied and we are unable to conclude that d£(0) = {(0,1)} by the methods developed in 
this paper. This is due to the fact that the estimate of Lemma [2.31 is too rough. 

Proposition 4.3. Assume that x e Af/ n Snt{h^)°, fix) = 0, J^ix -1) ‘^fit)dt = +CO and that iL„(u) is 
tangentially bounded at x. If in addition we assume that x e then dCix) = {(a:, 1)}. In particular, 

this holds when f e C^’“(]R). 

Proof. By Proposition l3.21 x is regular. Using that the set G is dense in an analogous argument as 

in Lemma l4 .1 1 shows that there exists sequences {r„}„ c G and cz G, satisfying the same properties 
as in Lemma EH except that inf„_fc{/(r„),/(4)} = 0, (since fix) = 0 by assumption). Similarly to 
the proof of Theorem 14.11 one can show that lim^,^o+ min{u7rP„ * /(u),u7rP„ * (1 — /)(u)} = +oo for all 
u e X, where X is as in the proof of Theorem 14.11 Therefore, a completely analogous proof gives that 
dCix) = {ix,l)}. □ 

Theorem 4.2. Assume that for all x e Sntih), dCix) = {(x, 1)}. Then the homeomorphism Wc : £ —» HI 
extends to a homeomorphism 1U£ : £ —> HI 

Proof. Recall Theorem 2.3 in [5], which states that the map : i? ^ £ is a bijective real analytic 
parametrization of £ c d£ such that Wg^iE) = £ and Wg^it) = (xf (i)jMoreover, for every 
{wn}n c H such that t as n ^ GO, lim„^Qo(x£(w„),= ixsit)iVsit))- Recall that R is an 

open set. Let x e dR. Fix e > 0 and let {wn}n be any sequence such that Un = Re[?e„] e R for all n. By 
choosing Im[ii;„] = sufficiently small, we can assume that \ixciwn) — Xsi'U'n),'r]ciwn) — 'r]Eiun))\ < £ 
for all n > A say. Since e > 0 was arbitrary, the assumption that 5£(x) = {(x, 1)} implies that 
\im.t^xix£it),V£it)) = ix, !)• It follows that d£ = £lj(5„t(p) x {1}). Moreover, the map : R d£ 

t^R 

defined through 



if tei? 

if t G Sntifjf 


is continuous and injective. Hence dC is a simple curve. This implies that the homeomorphism Wc. '. 
£ —> H extends to a homeomorphism VF£ : £ -^ H. □ 


4.3 Generic Points of dSl^°iTt) and The Edge £ 

In this section we will consider the limits Xsi^) limt_,a; 775 (t) when x G dS)f°ip) and x is a 

regular point. In particular we want to show that in many cases limt_,a;(x£(t), ?7£:(t)) = (x, 1) and that 
d£(x) = {(x, 1)}. Recall that the parametrization (jl.l4|) of the edge £ is given by 


Xsit) = t + 
rjsit) = 1 + 


1 - 

G'it) 

ff(t) + f,-c(t) 


2 


for t G R^ , where 



fiy)dy 

t-y 
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Proposition 4.4. Assume that x e and that x belongs to the Lebesgue set of f. Furthermore 

assume that 'Hf{x) exists, \T-Lf{x)\ < +oo and that = +oo if x e dS^ u dS^ and = 

+00 if X B dS^ u dS^. Then 

\im{xs{t),'ns{t)) = (a;, 1) 

t—*X 


dC{x) = {(x, 1)}. 


•A,q; / 


In particular, this holds if f B Q \ 

Proof. We consider the case where x G dS^, in which case /(x) = 0. The other cases follow similarly. 
Since x G dS^, there exists a <5 > 0, such that f = 0 for all x G \x,x + S\. By definition, 


TLfix) = lim f 

E^0+ 


f{f)dt 


X — t 


P + 00 
J x+6 


f{t)dt 


X — t 


f{t)dt 

\x-t\ 


/•+” f{t)dt 

Ix+S \x-t\' 
f{t)dt 


Since ^ 1^/(2^) I < it follows that \x-t\ ^ Lebesgue’s dominated 

convergence theorem it follows that limt_> 3 ,+ C{t) = 'Hf{x). By assumption, fg (^-y)i = +®- Hence, by 


lim —C\t) = lim f 

t^x+ t-.x+ Jr 


= + 00 . 


Hence, 


Patou’s lemma 

f{y)dy 
{t - y? 

1 - 

v<‘> = .i“. ‘ + c'{() 

eC(‘) + e-^d) _ 2 

lim r]e{t) = lim 1 +--- = 1. 

t—>-x+ t—>.x F (t) 

Now, assume that {wn}n G H is a sequence such that lim„_.oo Wn = x, and such that Re[?ii„] = Un ^ x. 
Since x G dSg by assumption, there exists a 5 > 0, such that f{t) = 0 for t B (x, x + 26) and consequently, 
since \'Hf{x)\ < +oo, we have fg < +oo. We may assume that ^ x + (5 for all n. Using that 


\Un - t\ 


for t B (—00, x] which implies that 


and the fact that 


{Un - + ■ 


\Un - t\f{t)dt 


< 


< 


1 


|x-t| 

r fit)dt 


-00 - t)^ + vl |a; - 1\ 

" .c<+ 0 ,, 


SSU.+2J («„-()» + »; I 

we conclude that 7r|i/^„/(M„)| ^ 7r|H/(x)| + C. A similar estimate as in Lemma [211] gives 

2V5(1 + 


\{xc{wn) - Un,r]c{Wn) “ 1 )| < 


r fd)dt 
JR {Un — t)'^+v':^ 
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Since 


and 


/ 


f{t)dt 


{Un - ty + vl 


^ min 


f{t)dt r f{t)dt ] 

2(u„-i)2’yjj 2v2 J’ 


lim min 

n—»-00 



f{t)dt 
2{Un - ty ’ 


f{t)dt ] 

j 


= + 00 , 


lim„^oo(x£('*i'n), Vciwn)) = (x, 1). Now assume that {wn}n c H such that lim„^oo Wn = x and Re[wra] ^ 
X. By Lemma |6.11 Hvf(u) is non-tangentially bounded at x. An identical argument as in Proposition 
14.31 shows that lim„_>oo(x(iCn), »7(rcn)) = (a^, 1). Hence dC{x) = {(a:, 1)}. □ 

Proposition 4.5. Assume that x e dSy°{fi) and that x ^ Jjf/. Furthermore assume that: 

• If X e dS^ then 0 < fy{x) ^ /^{x) < 1. 

• If X e dS^ then 0 < fy{x) ^ f^ix) < 1. 

• If X e dS}i then 0 < fy{x) ^ f^ix) < 1. 

• If X e dS\ then 0 < fy{x) ^ f^ix) < 1 . 

Then, 


lim(x£(t),? 7 f:(t)) = (a;, 1). 

t—*x 

teR 

Moreover, if x e dS^'udS^^, then for every sequence {wn}n G such that lim„_>oo Wn = x and Re[wn] ^ x 

lim {xc{wn),Vc{wn)) = (a;, 1). 

n—»-co 

If on the other-hand x e dS^ u dSf, then for every sequence {wn}n G H) such that lim„_>oo Wn = x and 
Re[wn] ^ X 


lim {xc{wn),Vc{wn)) = (a;, 1). 

n—»-co 

Finally, if we assume that f satisfies the right-sided or left-sided versions of the conditions of Proposition 
\4-^ then dC{x) = {(a;, 1)}. In particular this holds when f e C^’“(R). 

Proof. Consider the case where x e dS'^. The other cases follow similarly. Then, by assumption there 
exists a 5 > 0 such that f{t) = 0 for t e (a;,a; + 2d). Moreover, since 0 < fff{x) ^ /l (®) < 1 by 
assumption, there exists an e > 0 such that 

Mrfix, h) < f+ {x) + e < 1 


and 


MLf{x,h) > f^{x) - e > 0 

for all 0 < h < iL, for some H > 0. Let p+ = f^ (x) + e and p~ = fy{x) 


\Cit)\ = 


< 


r f{y)dy 
—00 ^ y 
f{y)dy 
—00 ^ y 


0+00 
JX+2S 


f{y)dy 

+2S y-t 


/. 


+ Cl 


— e. Then 
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for all t e (x, x + 5), where ci > 0 is a constant. An integration by parts gives 

f{y)dy 


t-y 




r i^-y) 

/-oo (t - yY 


MLf{x,x- y)dy 


r-H 


< 


{x - y) 


dy + 


{x - y) 


{x-y){t-yY Jx-nY-yY 


dy 


< 


r 7^rfy + C2 
Jx-H Y — y) 

^ l 0 g(t - x) +C 3 , 

where C 2 and C 3 are positive constants independent of t, and where we have used the inequality M^f^x, x— 
y) ^ for all y < a: from Lemma [2.II Thus 

\C{t)\ ^ -p+ log(f - x) + Cl + C3. 

We now estimate C'{t). An integration by parts yields 


\cYt)\ > 


f{y)dy 

-00 Y-yY 


-1 


Y - yY 


f{s)da 


+ 

J _oo —00 


= 2 


-00 Y - yY 
{x - y) 


L IL ■ ” 




-00 Y - yY 

p~ _ t — X + 2H 


f{s)dady 
t + x — 2y 

V Y-yY 


t-H 


t — X ^ Y ~ X + hY 
t — X + 2H 


Note that 


t — X ^ Y ~ X + HY 


> 0 whenever |t — x| sufficiently small. This implies that 


1 + 




1 + Y ~ x) e^' 


1 


P 


_ t — X + 2H p + 0{Y ~ x)) 


(Y — x) + Y — xY ^ 0 


t — x ^ Y ~ X + hy 
as t —>■ x"*". This proves that y^xa^^^+(x£Y)^V£Y)) ~ (x, 1). Similarly, one can show that 

\ixcY,x)-t,ycY,x) - 1)1 < _ , ^ 

p +0{Y-x)) 

for some constant d independent of t. This shows that 


((t — x) + (t — x)^ e'^ ) 


lim {xc{wn),Vc{wn)) = {x,l) 

n—»-00 

for every sequence {wn}n G U, such that lim„_>oo = x and Re[r(;n] > x. The rest of the proof is 
analogous to the proof of Proposition 14.21 □ 

We conclude this section with the following conjecture: 

Conjecture 4.1. Aaaume that x e dSl^tiY) and that x ia a regular point. Then (x, 1) B £ and dC{x) = 
{(x,l)}. 
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5 Singular Points 

5.1 Sufficient Conditions for the Existence of Singular Points of the Non- 
Trivial Snpport 

For X e we recall that x is a singular point of the support of /i if there exists a non-tangential 

sequence {wn}n=i ■= H such that lini„^+oo = x but \iinn^ao{xc{un,Vn),r]c{un,Vn)) ¥= (a;, !)■ Con¬ 
sequently this means that dC{x) contains more points than (x, 1). For the types of singular points 
considered in this article, the limit lim„^+oo(x£('fc„),? 7 £(w„)) will exist for every sequence {wn}n that 
converges non-tangentially to x and be independent of the non-tangential sequence chosen. Let the limit 
be {xrix),Vrix)). 

Lemma 5.1. For every x e there exists a sequence {wn}n=i such that 

lim {xc{un,Vn),Vc{un,Vn)) = (a^, !)■ 
n—»-GO 

In particular this implies that {(x, 1)} c dC{x) for all x G = {supp{p) n supp{X — p))° . 

Proof. According to Proposition [Id] the set of regular points is dense in x G Snt{tf)°- Therefore, for every 
X there exists a sequence {un}n=i such that lim„_»oo Wn = x and such that is regular for every n. 
Hence, for every e > 0 sufficiently small and each n there exists a Vn such that 

s 

\{Xc{Un,Vn),r]c{Un,Vn)) - {Un, 1)| < “ 

n 


This implies that 


lim {Xc{Un,Vn),ric{Un,Vrf)) = (x, 1) 

n—»-00 


which concludes the proof. □ 

From this and the fact that C is simply connected and Wc is a homeomorphism, (xr(a:), ? 7 r(a;)) has 
to be connected to the point (x, 1). But since for all non-tangentially convergent sequences {wn}n to x, 
lining+aDixciwn),r]c{wn)) = {xT(x), rjr(x)), we will have to consider tangentially convergent sequences 
to X in order to determine the whole of dC{x). We will not attempt to determine dC{x) in full generality, 
nor will we attempt a complete classification of all singular points, but contend ourselves with some more 
restrictive assumptions on the density /. 


— ^Dr{x) 


W, 


-1 


dC{x) 


{xl) 


x{l} 


iXr{x),Vr{x)y 


Wy\Dr{x)) 


Figure 5: Depiction of a singular point. 

Recall from the introduction that are the set of points x G such that for some (5 > 0, 

f{t) = X[x-s,x]{I) + and such that x belongs to the Lebesgue set of (p and p{x) = 0 and \'Hp{x)\ < 
-1-00. 
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Proposition 5.1. Assume that x e Then x is a singular point, and 

lim {xc{un,Vn),Vc{un,Vn)) = {x, 1 - := {xr{x),Vr{x)) 

n—>-+(X) 

for every non-tangential sequence {u^ + ^ H such that liin^_^+oo '^n + '^'^n = 


(5.1) 


Proof. We first note that the fact that ip{t) ^ 0 for t e (x — 5, x) and (p{t) > 0 otherwise, together with 
the assumptions that </^(x) = 0 and \T-Lip{x)\ < +oo, imply that 


r+^ ip{t)dt _ r+^ 

Jx—S ^ ^ Jx—5 


(p{t)dt \(p{t) — ip{x)\dt 


\t-: 


< + 00 . 


Now assume that {it„ + ivn}n converges non-tangentially to x. Then, 


ttH,, 


J{Un) = [ 
J X 


{Un — t)dt f {Un — t)ip{t)dt 


+ 


-S {Un - ty + vl Jr {Un - t)^ + 
:= In + irHy^ipiun) 


By (15.21) and Proposition 16.11 it follows that 

lim irHy wiun) = nT-Liplx). 

n^OD 

Computing logu„ + In yields, 

logU„ + In = logU„ - log V {Un - X^ + vl + log ■\/ {Un - X + 6^ + 
= - log \/l+ [Un- xY/vl + log -yinn-XP 5^ + 

We now consider TrPy^f(un)- A computation gives 


ttP,, 


,f{Un) = [ 
J X 


i.dt 


+ 


iT(t)dt 


-S {Un - ty + s2 Jr (u„ - ty + s 


Un- X Un-X + 5 

= — arctan-h arctan-h 7ri+ (p{Un) 

Vn Vn 

Furthermore, since x is in the Lebesgue set of </?, (see page 11), 

lim TrPy^ip{Un) = '!Tip{x) = 0. 

n^OD 

Thus, 

7 -. \ Un — X . 

TrPy^f[Un) = - - arctan-h o(l). 

2 Vn 


Since sin (f — arctan a) = j Sot 


- 2cos(7rP„„/(u„)) 


sin(7rPt,„/(u„)) 


In addition, 


lim ■ 

n—>00 

. V( "- - » + ^ ^ 

n—co Wl + (y 2;)2/^2 —- 

V '' /in ^2 + («„-x)2/d2 


Vnie - cos(7rP„„/(u„)) 

lim -^;-—-TT-TT- = (J. 


sin(7rP„„/(u„)) 
Hence x is a singular point and we have proved (ED- 


(5.2) 


□ 
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Remark 5.1. It may appear as if the limit lim„^_|_oo r]{un,Vn) = 1 — depends on the arbitrary 

choice of <5 > 0. However this is not so. Let <5' > 0 be another choice and we may assume that 5' > <5. 
We then get two functions ips{x) = f{t) - X[x-s,x]{t) and >ps'{x) = f{t) - X[x-S',x]it)- Computing the 
difference of their Hilbert transforms at x gives 


nHipsix) 


TrHifs'ix) = / 
J X 


dt 


x—S 

x—S' ^ ^ 



Hence, = 5 'and we see that the value of <5 is unimportant in (15.11) . 

Example 5.1. Let f{t) = tX[o,i](i) + (t + l)x[_i,o](i)- Then t = 0 satisfies the assumptions of the 
Proposition 15.11 Hence t = 0 is a singular point. 

Recall from the introduction that are the set of points x e such that for some <5 > 0, 

/(^) = X[x,x+s]{t)d-<f{t), and that x belongs to the Lebesgue set of and that (p{x) = 0 and \Hip{x)\ < +oo 

Proposition 5.2. Assume that x e Then x is a singular point, and 

lim ixciun, Vn),vc{un, Vn)) = (x + 1 - := (xF(x), r}f^(x)) (5.3) 

n—>+00 

for every non-tangential sequence + ixn}fi!=i £ H such that lim„_>+oo Un + ivn = x. 

Proof. Argument is analogus to the one given in the proof of the previous proposition. □ 

Remark 5.2. Let x e <S„t(/r)° and assume that the density / of /i satisfies either the assumptions 
of Proposition 15.11 or Proposition 15.21 at x. Then x does not belong to the Lebesgue set of /. If the 
assumptions of Proposition 15.11 hold we have lim/j^Q+ MLf{x,h) = 1 and lim^^o+ Mjif{x,h) = 0, and 
if the assumptions of Proposition 15.21 hold then lim^^o+ ^Lf{x,h) = 0 and lim/j^Q+ Miif{x,h) = 1. 
Furthermore, the sets (/r) and 5*™®’ (/r) can be viewed as analogous to the sets i?i and i ?2 

respectively, in the parametrization of the edge S. In particular we recall from Lemma 2.3 in [2] that 


{XE{t),r]s{t)) 


teRi 

(t + 5e-^^(*),l-(5e-'^^W) teR2, 


where <5 > 0 is sufficiently small and Cs(t) = /r\[ 2 ,_ 5 _ 3 ,+, 5 ] 

Example 5.2. Let/(t) = (1 —t)X[o,i](^)~iX[-i.o](^)- Then x = 0 satisfies the assumptions of Proposition 
o Hence x = 0 is a singular point. 

We now give a Proposition that shows that there is no gap between where the edge £ ends and the limit 
point of the non-tangential limits. 

Proposition 5.3. Assume x e dSlf°{pi) n u Then: 

• If X B dSfi then ixsit),T]sit)) = (x, 1 — 

• If X B dSji then lim t^x {xsit),ri£{t)) = {x + 

• If X e dS^ then limt^x {xs{t),'ns{t)) = {x,l — 

teR,^ 

• If X B dSf then lim t^x {xs{t),Vs(t)) = (a; -I- 1 — Se~'^'^‘^^^'>) 

tcRx-^, 
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Furthermore, for every sequence {wn}n H such that Re\wn\ ^ x, 


lim {xc{wn),Vciwn)) = {xHx),Vr{x)) if x e n 55^ and 

n—*oo 

lim {xc{wn),vc{wn)) = {x¥ix),Vrix)) if x e n dS^, 

n—*oo 


and for every sequence {wn}n c HI such that Re\wn\ ^ x, 

lim {xc{wn),'nc{wn)) = ixT i.x),'q].\x)) ifxe n dSl and 

n—*'(X) 

lim {xc{wn),r]c{wn)) = {xHx),7]1{x)) ifxe n dSl- 

n—»-co 


Proof. We prove the result in the case x e dS^ n and note that the other cases follow similarly. 

By definition of e dS^, there exists an interval I = {x,x + e) for some e > 0 such that I c supp(/i)‘^. By 
(11.141) we then have a parametrization of a piece of the edge £, which we recall is given by 


1 - 

eC(t) ^ g-C(t) 
= 1 -J- - 


2 


for tel. We note that since f{t) = X[x-s,x]{t) + Pit) 


C{t) = [ 

JR 


fiy)dy 

t-y 


= log 


t — X + S 


t — X 


+ 


and 


In particular we note that 




p{y)dy 

t-y 

p{y)dy 


t — X t — X + S Jm.it — yY 


-L 


jt - y)Fiy)dy 

it-y? 


c—(5 


(a; - y)(piy)dy 

it-y? 


Piy)dy r {x - y)(piy)dy 


Since y ^ x < t we have 


-5 t-y J,^_s {t-yf 


0< ' 


{t-yY x-y 

for all tel. By the assumption that x e we have as in the proof of ProDOsition l 5 .ll 

\piy)\dy 


I 


< + 00 . 


\x-y\ 

The Lebesgue dominated convergence theorem implies that 


Fiy)dy r (x - y)(piy)dy r (piy)dy r (piy)dy 


lim , I r \ 

J x—S t y J x—5 {t y) 


r (fijyjdy _ r 
Jx-5 X-y Jx-s x-y 


= 0 . 


Therefore, 


lim (t — x) 

t—*-rc + 


Fiy)dy ^ „ 

it-yY 


(5.4) 
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Similarly, 


r (p{y)dy ^ r y>{y)dy 

tiZUt-y) U 


= 'Hip{x) 


t-y) Jr x-y) 

Computing the limits lim(^ 3 ,+ Xf (t) and lim(^ 3 ,+ rjsit) using (15.41) and (15.5p gives 

1 I IcxdI r 
^ I t-x+(5 I V Jr t-y ) 


and 


lim xs(t) = liui t + 


= lim X + 

t—*x + 


_ 1 _I 1 _ r ‘p{y)dy 

t—x t—x-\-6 JK 

-{t - x) + \t - X + S\-\t - x)^ exp (- 4 


1 _ + (t-x) r £t£ 

^ t-X + S ^ !'■ XJ Jr U- 


v{v)d.y 


(t-vY 


lim rjsU) = lim 1 + 

t^X+ t^X + 


I t—x+S I 
I t—x \ 


(■r vMlll'i + |_t:2_|exDl- r _ 2 

t y J + I + 5 I t^xp Jr ) /, 


v{y)dy\ 


_ 1 _I 1 _ r viy 

t—x t—x+S JR (t — 


+6 

(i - X + a) exp (/. 1^) + fag exp (-/. m) 




= lim 1 — 

t—>a;+ 


V{y)dy\ 


1_+ Ct _ a-'i f m 

^ t-x+S ^ 1'' X) Jr 


v(y)dy 






(5.5) 


Now let {wn}n c: H be a sequence such that Re[w„] > x. Then a similar argument as above shows that 
lim„^oo(xz;(w„), ?7£(iyn)) = (xf(x),yf(x)). The other cases can be treated analogously. □ 

Proposition 15.11 and 15.21 deal with singular points where the density jumps in mean from 1 to 0 or from 
0 to 1, see Remark 15.21 In particular these singular points do not belong to the Lebesgue set of /. In 
Proposition l5.4l below we instead consider singular points which belong to the Lebesgue set, and for which 
the density is either 0 or 1. Recall from the definition that x e if 


f f{t)dt 

R {X - tf 


< +00 


and ^{/{x) + 0, and that x e if 


/• (1 - m)dt 

R {X - 


< +00 


and 7i{l — f){x) + 0. 

Proposition 5.4. Assume that x e IJ Then x e Jff and \'Hf{x)\ < +oo. 

Furthermore, x is a singular point. Finally, for every non-tangential sequence {m„ + iVn}fi!=i ^ 
converges to x, if x e then 


lim {Xc{Un,Vn),yc{Un,Vn)) 
n ^+00 

= {x- - 1 ), 1 + {7r(nfyix))-\e^^^^x) ^ ^-^nf(x) _ 3 )) 

-.= {Xr\x),4'\x)), (5.6) 


and if X e 5^“®’^^(/i), then 


lim (Xc(Un,Vn},Vc(Un,Vn)) 
n—*-+(X) 

= {x- (nimi - /))'(x))-i(e"’^li-^ll"l + !),! + (7r(R(l - /))'(x))-i(e"«(i-'^ll"l + + 2)) 

■= (Xr'(x),yjy (x)) (5.7) 
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where 


W)\x) 


i_ r f{t)dt 
TT ia (a; - t)'^' 


Proof. Consider the case when x e We first show that x belongs to the Lebesgue set of /. 

Recall that 


f{t)dt 

{x — tY 


< + 00 . 


Hence, 


lim 

/1-.0+ 



f{t)dt 
{x — tY 


= 0 . 


But for small h, 


This implies that 


px+h nx + h px + h 

/ > h-^ / f{t)dt > / f{f)dt. 

J x — h J x—h J x—h 

1 rX + h 

lim — / f{t)dt = 0, 

/i^o+ 2h 


so f{x) =0 and x G Jff by the discussion in the beginning of section 2.1. Take (5 > 0 small, then 


\x-t\ J^_s [x-tY 

by assumption, so |R/(a:)| < +oo. Moreover, by Proposition 16.II this also implies that for every fc > 0 


lim Hyf{u) = Hfix). 

{u,v)—*{x,0) 

{u,v)erk{x) 

By definition 

MPyfiu)) ^ r mdt 

{u,v)^{x,0) V {u,v)^lx,0) J-g^ {u — tY + v'^ 

lu,v)erk{x) lu,v)erk{x) 

Note that (x — tY = 2{{x — u) + (u — t)Y < (2fc^ + 2)(u^ + (u — tY) for all (u, v) e F/Yx), t e R. Hence, 
Lebesgue’s dominated convergence theorem implies that 


lim 

(u,v)erk(x) 


/ 

Jr 


f{t)dt 

{u-tY + v^ 


f{t)dt 

it-xY' 


In addition, since x G Jjf/, it follows that 


lim Pvf{u) = 0. 

{u,v)—*-{x,0) 

lu,v)erk{x) 


Consequently, 


v{e TrHyf{u) - cosjnPy f{u)) 

(u,v)^(x,o) siii{'!rPyf{u)) 

lu,v)srkix) 


„--KHf{x) _ 

r mdt 0 since R/(a:) + 0) 

Jr (x-t)'^ 
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and 


_ 2 cos(7rP„/(w)) 
lim - - - - 

{u,v)^{x,o) sm('KPyj{u)) 

lu,v)erkix) 




r f{t)dt 
Jr (x-t)'^ 


2 


Hence lim„_,oo(xz;(w„), ry£(w„)) ^ {x, 1), and so x is singular. Again we notice that the limit is indepen¬ 
dent of k. In the case x e a completely analogous argument gives 


v{e — cos(7rP„ * f(u)) 

hm - - - - 

(u,v)->-(x,o) sin(7rP„ * f(u)) 

(u,v)erk(x) 


g 7 rW(l-/)(a:) _|_ 


r (l-/(t))dt ’ 

Jr {x-ty 


and 


^ .j^(g7i-Jr«/(ti) _l_ g — 2 cos(7rP„ H=/(u)) 

(u,v)^(x,o) sininPy * f{u)) 

lu,v)srk{x) 


g 7 i-H(l-/)(x) _|_ g- 7 r'H(l-/)(x) _|_ 2 


JR (x—t)^ 


since P(l) = 0. □ 

Remark 5.3. It is interesting to compare the the results of Proposition 15.41 with the parametrization of 
the edge £. One sees that the sets and are analogues to the parametrization sets 

P^ and R\-y., i.e., (xf (a:), 77f:(a;)) = ixr ^ ^ Vr ^i^)) whenever x e and (xf (a:), 77£(a;)) = 

{Xr^{x),vP'{x)) whenever x G 

Proposition 5.5. Assume x G dS^„\°{n) n u Then 

\im{xe{t),ris{t)) = {x¥\x),4'\x)) tf x e and 

t—*X 

teR 

\im{xe{t),ve{t)) = {xP'{x),Vr'{x)) if x e 

t—»a: 
teR 


Furthermore, for every sequence {wn}n c HI such that Re\wn\ > x, 


l^Af^J.Xc{wrf),'nc{wn)) = {x¥\x), r][,^\x)) if X B ^ SS'^R and 

lim {xc{wn),ric{wn)) = (xf^(a;), ? 7 r^(a;)) if x e n 55]j, 

n—*oo 


and for every sequence {wn}n c HI such that Re\wn\ ^ x, 

lim {xc{wu),Vc{wu)) = {xV\x),r][^\x)) if x e n dSl and 

n—»-oo 

lim {xc{wn),vc{wn)) = {xP^{x),rjP^{x)) if x e (k) ^ SSl- 

n—»-oo 


Proof. We consider the case x G n dS^. The other cases follow similarly. Since a: ^ u„ by as¬ 

sumption, 7— 2 < and 7 \21 2 < 7 —^2 for V G (—oo,^]. Hence, by Lebesgue’s dominated 

convergence theorem lim„^oo /(u„) = Rf{x) and /jg, lim„^oo = /r ■ Therefore, a di¬ 

rect computation gives lim„^oo(X£(?««), 7?£(wn)) = {xr ^(x), rjr ^(x)). Similarly, lim(^a;(x£:(J), ?7£(i)) = 

teR 

{x¥^ix),kF^ix))- □ 

We now conclude this section by two lemmas that show that the set can have A(5^“®(/r)) > 0 

and that it may be dense in Snt{k)°■ In particular, this shows that the set can be at least a 

meagre set. Moreover, it also shows that the boundary dC can be very complicated. 
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Lemma 5.2. There exists a function f e such that > 0. 

Proof. Let / = (a, b) be an open interval. Associate to it the function 

Then (j) e C®(K.) and supp(0) = [a, 6]. Consider the interval [0,1]. Remove from it the middle 1/4 interval 
(3/8, 5/8). Let // = (3/8, 5/8) and ipi{t) = 4>ji(t). Now remove the middle 1/16 interval from the middle 
of the remaining intervals. That is, let = (5/32, 7/32) and /| = (25/32, 27/32), and let ip 2 (t) = (f>ji (t) + 
<//i it) + (//I (t). Then [0,1] - (// u u /|) = [0, 5/32] u [7/32,3/8] u [5/8, 25/32] u [27/32,1]. Continue 
this process, by at step n, remove the middle l/2^"’:th interval from the remaining 2"“^ intervals. Let l!f 
be the fc:th of the 2"’“^ open intervals that are deleted at each step, and let (pnit) = X;m=i Tjk=i 4>i^it)- 

Let € = [0, l]\(lJn=i Ufe=i ^n)- The set € is called the Smith-Volterra-Cantor set. It can be shown that 
£ is a compact nowhere dense set such that A(£) = 1/2. In particular £° = 0. Let ipit) = lim„_,oo Tnit)- 
Since all the intervals are disjoint and ip e C'“(J^) for all n and k it follows that p e C®(IR.) and 
supp((^) = [0, l]\(£\cl£). Moreover, 0 ^ pit) < 1 for all t. However, if we choose a measure p such that 
^l[o 1 ] “ Tit)dt, then the measure-theoretic support of p restricted to [0,1] equals [0,1]. This is because, 
for every x e [0,1], we have for every neighbourhood of x that A(fVa, n supp(</5)) > 0. We now note 
that 0 ^ Pnit) < Pn+iit) ^ pit) for all n. Hence, by Lebesgue’s monotone convergence theorem we have 
for every cc e £ 

,■ f Tnit)dt _ r pit)dt 

We now observe that for all 0 ^ a < 5 ^ 1 and t eM. and a; e R\(o, 5) we have 


Therefore, 


Pnit)dt 

(x — t)^ 




^ V /■ ^ ^ V /■ 

h k 4 (- - 0 “' 4 k 4 
/ 


(x - ty^ 


< - 1 - 00 , 


(x - t)2 


for all n. Hence Jjj < +oo. Now assume that A({x e £ : TLpix) A 0}) = 0. Take the density / to 

be 


fit) = pit) + X[-i,-\\Mit) 

Then Hf = TLp + TLx[-i-\\ip\\i]- Then for every x e [0,1], 'Hx[_i^_[|,^|p](x) > 0. Thus A({x e £ : TLfix) A 
0}) = A(£). This implies that A(S'®™®’^^^(p)) = A(£) > 0. If on the other hand A({x e £ : TLpix) A 
0}) > 0, then let fit) = piSt), where <5 = ||</5||i. Then Jg/(t)dt = Jg^pitS)dt = S~^ Jg^pix)dx = 1 and 
0 < fit) < 1. Moreover, since TLfix) = TLpi6t)ix) = STLpiSx), it follows that A({x e £ ; TLfix) A 0}) > 0. 
Hence A({x e (5“^£ ; TLfix) ¥= 0}) > 0, and consequently A(S'®™®’^^^(p)) >0. □ 

Remark 5.4. Note that the set S^y^’^^^p) in Lemma 15.21 is uncountable. Moreover, by Proposition 
15.81 and Remark [SR] it follows that TL^idCix)) > 1 — pP^ix) > 0 for every x e S^y^’^^pp). Therefore, 
TL^idC) > i^))- However, every uncountable sum of positive real numbers is always 

infinite. Therefore TL^idLix)) = -foo for the measure in Lemma [5?^ In ProDOsition l5.10l we give a simpler 
an more explicit example of a measure for which TL^idC) = -l-oo. 
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Lemma 5.3. There exists a function f G and an interval I c supp{f), such that is 

dense in I. 

Proof. Consider the dyadic set S = = k2~'^ : r ^ 1,1 ^ k < 2"^, k odd}. The set S is dense in the 

interval [0,1]. Let IJl = (xji — 2“^’’“^, x)} + 2“^’’“^). Then U = Ur fc open cover of the dense set 

S such that 

GO 2^ GO 2^ -| ‘^1 1 

it'i < E E 141 < E E 25^ - S y - 2’ 

r=l k=l r=l k=l r=l 

k odd 


Define the function ip according to 

pit) ■= ^X[0.1]\(7W + - tfxilit)}- 

We will show that infr,fc{(x^ — i® '^ot identically 0. Consider the set E = {t e U\S : infr,fc{(x^ — 

^)^X/j(^)} = 0}- We now estimate the measure of E. It is clear that if t G U\S is such that there exists 
an xq, such that 


00 2 ’" 

U U 4 

r=r' k=l 
k odd 


whenever r' ^ xq, then infr,fc{(x^ — t)^X/r(^)} > 0- Thus E c U^r U^fe=i every xq ^ 1. Hence 

k odd 

for every e: > 0 


\E\^Y. S 141 < E 2^ = E 

r=ro k=l r=ro k=l r=ro 

k odd 


whenever xq is sufficiently large. Thus \E\ = 0. Moreover, we clearly have that for any x^ G S' 

f ip{t)dt ^ 1 /" dt If — t)‘^Xll^{t)}<E 

L K - tr ^ 2 y[ 0 ,i]\,r (xl - tr ^ 2 Jjr (xl - tr 

dt 1 f {xl-tfxil{t)dt 
M]\/j K -1^ 2 4 {xi - ty < 



Now assume that the set {x G S : 'Hip{x) 0} is not dense on any interval J c [0,1]. Then the set 
{x G S : 'Hip{x) = 0} is dense in [0,1]. Let 


f{f) = ip{f) +X[_i,_||^tP](t). 

Then ^ ® ^ ^ 1]- Hence the set {x G S : 'Hf{x) 0} is dense in [0,1]. Thus 

is dense in [0,1]. If on the other hand the set {x G S : TLip{x) 0} is dense in some interval 

J c [0,1], let /(t) = ip{5t), where 5 = |U||i. Then {x G ( 5 “^S : 'Hf{x) 0} is dense in 5~^J. Thus 

is dense in 5~^J. □ 


5.2 Geometry of dC{x) when x e 

We have seen that if x is singular then dC{x) {(x, 1)}. In this section we will determine subsets of 
dC(x), and under additional assumptions on the density /, we will be able to determine the entire set 
dC{x). 
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Proposition 5.6. Let x e n (5„j(/i)° u dS^°{^)) and write for some 6 > 0 the density as 

f{t) = X[x-S,x]{t) + (p{t). 

• Ifx G n<S„t(/x)° assume that there exists an e > 0 such that for all y e (x — e, x) u (x, x + e) 


x+6 


-s {y-ty 


= +CX). 


(5.9) 


If x e n n assume that there exists an e > 0 such that for all ye {x,x + e) 


Jx {y - tr 


= +CX). 


(5.10) 




If xe 5®r®’'^(Ai) n dSffifi) ndSl 


assume that there exists an e > 0 such that for all y e {x 


e,x) 


W)\dt 
:-8 {y-t? 


= +CX). 


(5.11) 


Then the parametrized line segment 

{(X/(C), m{0) : ? e (0, +0))} := | (^x, 1 - j : C 6 (0, +«))| 

c= {(X,-^) 6 : X = a;} (5.12) 

is a subset of dC{x). In particular if x e , there exist two one-parameter families of tangential 

continuous curves {siv'^(s) : s e (0,+oo),^ e (0,+oo)} and {s + ix^(s) : s e (—cx),0),^ e (0,+oo)} 
where v^{s) is a continuous function of s for each ^ e (0,+oo), such that 

U'C(a; + s + w^(s)),?7£(a; + s + zx^(s))) = {xi{0,Vii0), 

and if X e dS^ there exists a one-parameter family of tangential continuous curves {s + zx^(s) : s G 
(0, +CX)), ^ G (0, +oo)} such that 

lim {xdx + s + ivf{s)),'qc{.x + s + ivUs))) = (x/(6. ^7/(6), 

and if X G dSf there exists a one-parameter family of tangential continuous curves {s + ivf{s) : s G 
(—cx), 0), 5 G (0, +oo)} such that 

{xc{x + s -\- ivl^{s)),'nc{x -I s -\- iv^{s))) = {xi{0,Vii0)- 


The curves {s + iv'^ (s) : s G (0, +cx)), ^ G (0, +Qo)} and {s + iv^ (s) : s e (—QO, 0), ^ G (0, +Qo)} satisfy the 
equation 

Gi{s,vf{s)]x) = £, 

where 


Gi(s,x;x) = ls>o / 
J X 


x-\-2s 


s(p(t)dt 


+ 1 


(x + S — t)2 + Jx-\-2s (x + S — t)2 + V 


sip(t)dt 


2 I ,,2 ■ 
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Remark 5.5. It is worth mentioning that the assumption that x e n (<S„t(/r)° u 

is never strictly used. In particular, the assumption that there exists an e > 0 such that for all y e 

(x — e,x) u (x, X + e) 

r-s {y-ty 

implies that (x, x + e) n u i?^) = 0 and (x — e, x) n u = 0. 

Proof. Let x e n Snt{y)°- We may without loss of generality assume x = 0. The Poisson integral 

of / can then be written as 


TrPyf{u) = arctan 


u + 6 


— arctan 


+ 


v(p(t)dt 
(u — t)^ + ' 


We now let w{s) = s + iv{s) be any path in HU such that lirng^o w{s) = 0 and lirng^o = 0, i.e., we 
assume that the path is tangential. Then, using the identities arctan (i) = ^ — arctanx for x > 0 and 
arctan (y) = ~ arctanx for x < 0 and arctan(x) = x + O(x^) we find that 


arctan 


s + ^ 
v{s) 


Hence 


T^Pvis)fis) = < 


— arctan 


u(s) 


u(s) 


+ 


v{s) 


+ 0(u(s)^/s^) if s > 0 


■ + n£i 4 - 0(u(s)^/s^) if s < 0. 


v{s)ip{f)dt 
(s — ty + u(s)2 
v{s)ip{t)dt 


v{s) 

S ^ ig (s + t )2 + u(s )2 


+ 0 


+ 0 


u(s)" 

u(s)" 


if s > 0 
if s < 0. 


We now compute 7ri7„(s)/(s) getting 


- log + log V('S + 1^)^ + 

Hence, (15.131) and (15.141) gives 

, , sgn(s) W (s + 5)^ + visV 

hm-^- ,, ,, = hm-- 


(5.13) 


(5.14) 


s^O Sm{TrPy^s)f{s)) S^O + ^;(s)2 

sgn(s)(5 


u(s) 


/ 


= lim 


v{s)(p(t)dt 
(s — t)^ + u(s)2 


o 


]{sf 


S^o Vl + (^WA)%gn(5)fl + s/' 

\ Jr 

(5g7rJf„(,)<p(s) 


ip{f)dt 


[s — tY + v{sY 


+ 0 


vjs) 

s 


= lim 
s^O 


1 + S 


/ 


(p{t)dt 


(5.15) 


(s — tY + v{sY 

since v{s)/s ^ 0 as s 0+. This suggest that we find {s,v{s)) such that 

ip{t)dt 


Jr 


(s — tY + v{sY 


= C+o(l) 


as s ^ 0 for some hxed ^ e (0, +oo). Restricting ourselves to the case when s > 0, we split the integral 
into two terms according to 


./ 

Jr 


if{t)dt 


(p{t)dt 


+ s 


f 

Jo 


(p{t)dt 


{s-tY + v{sY J\s-t\;^s {s-tY+ v{sY Jo 
:= Ji{s) + J 2 (s). 


(s — tY + v{sY 
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For any fixed t 0 


and we also have the estimate 


I- ^X\s—t\^s{t) „ 

7-ITT-TTT = 0 

s^o+ [s — ty + vysY 


SX\s-t\^s{t) ^ \s - t\x\s-t\s,sit) ^ 2 


(s — ty + z;(s)2 (s — ty + v{sy \t\ 

since \t\ ^ 2|s — t\. The assumption that < +cx) together with the argument at the beginning of 

the proof of Proposition 15.11 shows that 


f 

ip{t) 

JR 

t 


dt < +CX). 


It follows from Lebesgue’s dominated convergence theorem that 


lim Ji(s) = 0. 

s^0+ 


We therefore let 


r‘2s 

Gi(s,u;0) := s / 

Jo 


(p(t)dt 


(s — ty + 


(5.16) 


(5.17) 


(5.18) 


We note that since ip{t) > 0 for t > 0, Gi(s, u; 0) is a positive monotonically decreasing function of v. By 
assumption (15.91) 


-s (s-ty 


= +CX). 


Since by assumption ip{t) 5= 0 for t e [0, 


r \v{t)\dt ^ f \ip{t)\dt r ® ip{t)dt r ip{t)dt 

J-sis-ty J-s{s-ty Jo {s-ty 4 


{s-t) 


2 ’ 


and clearly 


it follows that 


/ 


\^{t)\dt 

-s (s-ty 


< +00 


J‘ 


(p{t)dt 


< + 00 , 


r 2 s 

Jo 


ip{t)dt 


= + 00 . 


for all s G (0, e) and some 0 < £ < S/2, and it follows by Fatou’s lemma that 

lim Gi(s,u;0) = +oo. 


In addition, 


lim Gi(s, v; 0) = 0. 


Therefore, the equation 


Gi(s, u; 0) = s 


f 


(p{t)dt 


(s — ty + 


= ? 


(5.19) 
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has unique solution v = v'^ (s) for each fixed ^ e (0, +oo) and all s e (0, e). Since 


d«Gi(s,w;0) = —2sv I 

Jr 


(p{t)dt 


((s-t)2+i;2)2 


< 0 


for all s, e 111 the implicit function theorem implies that for each ^ > 0, (s) is a continuous function of 

s e (0, £). We want to show that {s)/s ^ 0 as s ^ 0+, i.e., that the path is tangential. For simplicity 
of notation we will write just r!(s) for the solution of (15.1911 . Assume that there is a sequence such 
that v{sj)/sj 2lk as j oo. Then, for all sufficiently large j we have Sj ^ kv{sj). However, since 0 
belongs to the Lebesgue set of ip and </j( 0) = 0, we have, by (15.191) . that 


^ = lim Sj 



{Sj 


ip{t)dt ^ v{sj)ip{t)dt 

t )2 + _ i )2 + ^(,^.)2 


= lim kirP^, )ip{sj) = 0, 

J—*O0 


contradicting ^ > 0. Here we also used (15.171) to extend the domain of integration to R in the next to 
last inequality. Next we want to prove that 


lim i7„(s)V5(s) = HipiO), 


(5.20) 


which is not immediate since the curve {s,v{s)) is tangential. Take rj e (0,1) fixed but arbitrary and 
write 


J\& 


(s — t)(p{t)dt 


\s — t\j^7]S Z) 

= /l(s)+/ 2 (s). 


+ 


(s — t)ip{t)dt 


+ r)(s)2 + v{sy 


(5.21) 


If |s — t| ^ -qs, then |t| < |s — i| + s ^ (1 + l/? 7 )|s — t\ and we see that 


k - t\x\s-t\^r,s ^ 1 + l/q 

(s — i)2 + v(s)^ '' |i| 

Also, 

(s - t)(p(t) ip(t) 

, (s - ty + v{sY t 


for alH 7 ^ 0. By (|5.16|1 and the dominated convergence theorem we see that 


Now, 


lim Ii{s) = 'Hp{0). 

s^0+ 


|/2(S)| 


' |s —t|^77S 


|s — t\(p{t)dt 

(s — ty + v{sy 



s^jt) 

ty + v{sy 




since 77 ^ 1. It follows from this estimate that, (15.211) and (15.221) that 


(5.22) 


lim sup |7rH„(s)(/9(s) - HipiO)] sS 

S—0+ 

Since q e (0,1) was arbitrary we have proved (I5.20p . It follows from (15.141) . (15.151) and (I5.20p that 

lim -;-= -. 

s^o+ sin(7rP^(s)/(s)) 1 + ^ 



































Looking back at (15.141) and (15.151) we also see that 


v{s)e 

lim - - - 

s^o+ sin(7rP„(s)/(s)) 


Finally, 


lim 

s^0+ 


^(s) cos(7rP„(^)/(s)) 
sin(7rP„(s)/(s)) 


To conclude this implies that 


lim 

s—»^0+ 


cos(7rP„(^)/(s)) 

i + I + iO(v(s)/s) 


= 0 . 


lim xc{x + s,vt{s)) = X 

s^0+ ^ 

^^TvUipiO) 

lim f]c{x + s, vt (s)) = 1- rT~r~ 

s^o+ ^ 1 + c 


for any fixed ^ > 0, and an identical argument shows that this holds also for v^{s) . 
Corollary 5.1. Let x e n 5„t(/r)° and write for some <5 > 0 the density 


□ 


f{t) = X[x-s,x]{t) + (p{t). 

Assume that x belongs to the Lebesgue set of ip and that ip{x) = 0 and \'Hip(x)\ < +oo. Then for each 
fixed ^ e (0, +oo) there exists a sequence {un + iv^{un)}X=i U such that lim„^+oo Un + iv^{un) = x and 
such that 


lim xc{un + iv^{sn)) = XiiO 

n—*+(X) 

lim rjciun + W{(sn)) = ViiO- 

n—*-+00 

Proof. We may repeat the proof of Proposition 15.61 replacing a continuous path (s,u(s)) with a sequence 
(s„, v(sn)) every where. The major difference is that if we assume that condition (|5.9p does not hold then 
in general we may not conclude that lim„^Q+ Gi(s,v; x) = +oo for all s e (0,e). However, there exists a 
sequence c (0,£) such that lim_,-^+oo sj = 0 and 

lim Gi(sj,v; x) = +oo, 

since assume otherwise. Then {y-tp ^ ^ ^x\{x} in some neighborhood of x. However 

this implies that (p{t) = 0 for every t e Nx, contradicting the assumption that x e 5nt(p)°. Thus, for 
each such Sj and fixed ^ we may therefore solve for v = v^{sj) in equation (|5.19p . The rest of the proof 
remains the same. □ 

Proposition 5.7. Let x e n {Snt{tf)° u dSlf°{pL)) and write for some 5 > 0 the density as 


f(t) = X[x,x+5}{t) + pit)- 

IfxeS:r’\L)r^ ^Tit (/^) dssuTTLG that thcvG Gxxsts QjTi s ^ 0 such thojti fou Qjll y G s^ 'w* {^x^ X 


x-s {y-ty 


= +CX). 


(5.23) 


• If X e (p) n dSilf° (p) n e 55')^ assume that there exists an e > 0 such that for all y e {x,x + e) 

\ip{t)\dt 


•x+6 


= + 00 . 


(5.24) 
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If X e n n dS\, assume that there exists an e > 0 such that for all ye {x — e,x) 


L 


W{t)\dt 

-s {v-tf 


= +CX). 


(5.25) 


Then the parametrized line segment 

ViiiO) : ? e (0, +«))} := I , 1 - j : ^ 6 (0, +«)) | 

■X + V = x + 1} (5.26) 

is a subset of d£{x). In particular if x e Snt{fl}°, there exist two one-parameter families of tangential 
continuous curves {s + (s) : s e (0,+oo),^ e (0,+oo)} and {s + w^(s) : s e (—oo,0),^ G (0,+oo)} 

where v^{s) is a continuous function of s for each ^ e (0, +oo), such that 

{xc{x + s + ivf{s)),r]c{x + s + w^(s))) = ixiiiO^VniO)^ 

and if X e there exists a one-parameter family of tangential continuous curves {s + iv'^ (s) : s G 

(0, +CX)), ^ G (0, +oo)} such that 

® 'ivf{s)),'qc(,x + s + (s))) = {xii{0,Vii{f)), 

and if x B dSf there exists a one-parameter family of tangential continuous curves {s + ivf{s) : s G 
(—00, 0), ^ G (0, +oo)} such that 

lim {xc{x -I s -\- ivfis)),r]cix -\- s -\- ivr{s))) = {xii{0,Vii{0)- 

The curves {s + iv^ (s) : s G (0, +oo), ^ G (0, +Qo)} and {s + ivf^{s) : s e (—oo, 0), ^ G (0, +oo)} satisfy the 
equation 


Gi{s,vf{s)-,x) = f 


where 


G^{s,v\x) 


px+2s 


Proof. The proof is identical to the proof of Proposition 15.61 


□ 


Proposition 5.8. Let x G (5®)"®’^^^(p) u 5^(”®’'^^(p)) n {Snt{ll)° dS^°{y)). Assume that there exists 
a S > 0 such that: 




ifx G 


(fj.) n Snt{T)° 


for all y B (x — S,x) u (a;, a; + 5). 
• If XB n Snt(T)° 


mdt 

■s {y-tf 


+ 00 , 


1 - f{t)dt 
:-s {y - tr 


+ 00 , 


(5.27) 


(5.28) 


for all y B (x — S,x) u (a;, a; + 5). 
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L 


f{t)dt 
-s {y-ty 


— + 00 , 


for all y e {x — S, x). If x e n dS}^ 


l-f{t)dt 
.-s (y-ty 


— + 00 , 


for all ye (x — S,x). 

IfxeS:r-'''id)r^dSl 


for all ye (x — S,x). 

IfxeS:r’^^(M)ndSl 


x-yS 


f{t)dt 

(y - ty 


— + 00 , 


rx+6 


1 — f{f)dt 


for all ye (x — S,x). 

Then the parametrized curve 

{{XiiiiO^ViiiiO) ■ C £ (0,+°o)} :=■{ ( a; + 


(5.29) 


(5.30) 


(5.31) 


(5.32) 


I _ g-'^'H-f(x) ^TT-Hflx) _|_ ^-irHfix) _ 2 




C-7i-('H/)'(x) ^-irinffix) 

{(x,r/)eK2:?7-l = (l-e"«/("))(x-x)} 


: ^ G (0,+cx)) 


is a subset of dC{x) if x e {y), and the parametrized curve 

{(xaWa, W(a) : e e (0, +oo)} ^ 1- ^ _ .(^(1 _ ;).(,) - 

cz {(x, 77 ) G ^ _ 1 = (1 + e-"«(i-/)("))(x - x)} 


: ^ G (0,+CX)) 


is a subset of dL{x) if x e <S®“®’^'^(/i). In particular if x e Snt{y)°, there exist two one-parameter families 
of tangential continuous curves {s + iv'^ (s) : s G (0, +cx)), ^ G (0, +cx))} and {s + iv'f{s) : s G (—cx), 0), ^ G 
(0, +CX))} where v'^{s) is a continuous function of s for each ^ e (0, +cx)), such that 

s+V ® + +(■«)) := Xiii/iviO 

dc{x-I s-\- ivf{s)) := Viii/iviO- 

and if X e u dS}^ there exists a one-parameter family of tangential continuous curves {s + (s) : 

s G (0, +cx)), ^ G (0, +CX))} such that 

^y^^{xc{x +s + iv^{s)),yc{x +s + iv^{s))) = {xiii/iv{0,Viii/iv{0), 

and if X e dS^ u dSj^ there exists a one-parameter family of tangential continuous curves {s + ivf{s) : 
s G (— CX), 0), ^ G (0, +CX))} such that 

^lnnjx£(a; + s + iv^{s),yc{x + s + iv^{s)) = ixiii/iviO^Viii/iviO)- 
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The curves {s + iv'^ (s) : s e (0, +oo), ^ e (0, +oo)} and {s + iv^ (s) : s e (—oo, 0), ^ G (0, +Qo)} satisfy the 
equation 


where 


G2{s,v^{s)]x) = i 

r t ^ ^ 

G2[s,v;x) = ls>o / 

J X 


{x + S — tY + 


+1 


s<0 


f{t)dt 


r+2s {X+ S-tY + V‘^' 


Remark 5.6. Again, as in Proposition 15.61 and 15.71 it is worth mentioning that the assumption that 
X G if')) {Snt{Y}°^^nt°( t)) is never strictly used. In particular, the assumption 

that there exists an e > 0 such that for all y e {x — e,x) u {x,x + e) 


f{t)dt 


= + 00 . 


J-s (y - tY 

implies that {{x — e,x) u {x,x + e)) n (t) ^ 

Proof. We will first assume that x G Snt{,Y)° ■ Then < +°o and TLip^x) + 0 hold 

[dying ' 

f{t)dt 


by the definition of We will begin by studying the limit of the integral 


/ 


(u(s) — tY + 


(5.33) 


under a one parameter family of curves w^{s) = u{s) + iv^{s) G H such that lims^Q+ w^{s) = x. In 
particular we may take u{s) = x + s and assume that s > 0. The analysis of the case when s < 0 is 
completely analogous to the case when s > 0. The idea is to split (15.331) into two parts, one of which 
dominates the integrand, and apply Lebesgues dominated convergence theorem. Write 



f mdt 1 

mdt 

/r (x + S - tY +V^ J 

lx + B-t\^s {x + S - tY + J 

X {x + S — tY + 


= /(s, u; x) + G' 2 (s, V] x) 


(5.34) 


We now fix s > 0. Then clearly, the function G 2 {s,v;x) is monotonically decreasing in v. By Fatou’s 
lemma and equation (15.271) 


rx+2s 

liminf G 2 (S) i"; 2 ;) = liminf / 

1)^0+ j;—>-0+ Jx 


f{t)dt 


= +00 


(x + s — t)^ + 

for s sufficiently small. By Lebesgue’s dominated convergence theorem we also have 

lim G 2 {s, v; x) = 0. 

D—>- + 00 

Therefore, since G 2 {s^v;x) is monotonically decreasing in v, the equation 

G2{s,v;x) = ^ 

has a unique solution v^{s) for all ^ G (0, +oo). Differentiation under the integral sign gives 
dG2{s,v,x) 5 1 


(5.35) 


dv 


f 

J X 


= -2 


L 


dv {x + s — tY + v'^ 

•x-\-2s 


f{t)dt 


((x + s — tY + v^y 


;f{t)dt < 0 
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for all z; > 0. Hence the implicit function theorem implies that there exists a continuous path (x + s, z’^(s)) 
for s G (0,5) such that G 2 {s,v^{s); x) = Now, assume that (x + s,vj(s)) contains a non-tangential 
subsequence {(a: + s^, i.e., sequence such that there exists a A: > 0 such that vj = v^{sj) > ksj 

for all j. This implies that 


G2{sj,Vj;x) = / 
J X 


x+2sj 


f{t)dt 


px+2sj 


< 


1 


f{t)dt ^ _ 

bp's 


('X+2sj 


f{t)dt. 


{x + Sj — ty + Vj 

However, since x G by assumption, for every e > 0 there exists a J such that whenever j > J 

f.+2s, 


{x - ty 


Since, 


we find that 


:dt < £. 


nX-\-2Sj 


f.x+2sj 2 

, /(*)<* 


^ 4e 

G2[Sj,Vj;x) ^ - — 


As £ was arbitrary this implies that limj_>+oo 6 * 2 (sj, Vj] x) = 0, a contradiction. Thus the path (x+s, x^(s)) 
becomes tangential to the real axis, i.e. lims_,,o+v^(s)/s = 0. We now consider I(s,v^{s);x). Since 
|x — t| < 2 |x + s — t| whenever |x + s — t| ^ s we have 

f{t)xm\[x,x+ 2 s]{t) ^ 4/(t) 




(x + s — ^ (x — ty ’ 

and since limg_,,Q+ v^(s) = 0, Lebesgue’s dominated convergence theorem implies that 


lim 


f (^)XlR\[a:,a:+ 2 s](Z) 


f{t)dt 


*0+j^{x-s-ty+ vysy jMix-ty' 

It now remains to study 7 ri?„^(g)/(x + s) as s ^ 0+. We have 

f (x + s — t)f(t)dt 


TT Xf \ f (x + s - t)f{t)dt 
nH^,is)f{x + ^)- (x + S-t)2 + X5(s)2 


• \x-\-S — t\^S ( 3 ^ + 5 t) + '^^( 5 ) 


nX-\-2s 


+ 


(x + s — t)f{t)dt 


(x + S - + x^(s)2 

= Jl(s) + J2(s). 

Note that for t G K.\[x, x + 2s] |x — f| < 2|x + s — t|, which implies that 

|x + s-t|/(t) 2 /(t) 




(x + S — + ^^(s)^ \x — t\ 

Again by Lebesgue’s dominated convergence theorem, 

(x + s A)/(t)y]|^qa.^a..|_ 2 s](i) 


lim Ji(s) = lim 

s^ 0 + s—»- 0 + 


/ 


{x — s — ty + v^s) 


f{t)dt 

X — t 


Finally, 


1 ^ 2 ( 5 )! ^ 


rx-\-2s 


|x + s — t\f{t)dt 
(x + s — + X{(s)" 


rx-\-2s 


^ 2 s 


f{t)dt 


{x + s — ty + v^yy 


= 2sy 
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by (I5.35|) . Hence, 


lim J 2 (s) = 0. 
s^O+ 


Altogether, this implies that 


- cos(7rP„ (s)/(a; + s))} _ cos(7rP„ (s)/(a; + s)) 

lim --TT-h- - = lim -T- 


s—»-0+ 


sm(7rP„^(s)/(a; + s)) 


s^ 0 + 


f{t)dt 


{x + s — t)"^ + v^{sy 


and 


r J(t)ctt 
gJR x — t — ^ 

r f(t)dt , 

Jr (x-t )2 ? 


lim 


i;{(s){l - e cos(7rP„^(s)/(x + s))} _ 1 - e 


^- 0 + sin(7rP„^(,)/(x + s)) ^ ' 

Recall that the distributional derivative of the Cauchy principal value integral p.v.f^ equals 


dx 


p.v. 


f{t)dt 
x — t 


= -f.p. 


J{t)dt 
(x - ty ’ 


where f.p. denotes Hadamard’s finite part integral. However, as the integrals Jjj and 

/r exists in the ordinary sense we have that 


d f f{t)dt f 

/ "TT = = f-p- / 

ax X — I 


f{t)dt f f{t)dt 


{x - ty Jr (x - ty 


Using this we find that 


X _ Q-'!^'Hf{x) 

lim xciw^s)) = XiiiiO = x+ - - , , 

s^o+ 4 — 7r(rt/)'(x) 


and 


lim T]c{wys)) = ■quiiy) = 1 - 

s—»-0+ 


^n-Hfix) _|_ ^-Trnfix) 
? - 7’'(R/)'(x) 


2 


for each fixed ^ e (0, +oo). In particular we note that this is a parametrization of a part of line given by 
the equation 


T] — 1 2 — 

X — X 1 _ g-7rW/(x) 

We now instead assume that fg^ < +cx) holds. Then 

sin{TrPy f{u)) = sin(7r - 7rP„(l - /)(u)) ^ 


1 — 


sin(7rP„(l - /)(«)) 


and 


cos{nPyf{u)) = cos(7r - 7rP,;(l - f){u)) = - cos(7rP„(l - f){u)) 




























56 


In addition we can write 


7THyf{u) = 


/ 


{u - t)f{t)dt 


rR 


= lim 
R^ao 


{u — tY + 

fR ( 


= lim 

-R^oo 


{u — t)dt 


r{u- tY + v'^ 

u - ^)(1 - f{t))dt 


l-R 


(u — tY + 


^ iu-t){l- f{t))dt 

-R (.U - tY + 


We can now apply the same analysis as before on the function (1 — /), giving an identical result. 
Corollary 5.2. Assume that x e Snt{Y)° that either 


r f{t)dt 

B {x - tY 


< +00 


(*) 


□ 


or 


/• (1 - fit))dt 

V {x-tY 


< +00 


(a) 


holds, and that ^./{x) + 0, i.e., x e e Then for every fixed f G (—oo,+oo) 

there exists a sequence {x + Sj + ^ such that lim^^+oo x + sj + iv^{sj) = x and 


lim xdx + Sj + iv^Sj)) = Xiii\iv{0 

J^ + CO 

lim ijc{x + Sj + iv^Sj)) = Viii\iv{0- 

J-^ + CO 

Proof. We may repeat the proof of Proposition lS-SI replacing a continuous path everywhere with a sequence 
{(x + Sj+ z;(sj)}j. The only difference is that since we are not assuming (I5.27I1 - (I5.32I) we may not conclude 
that there exists a solution to the equation G 2 {s,v; x) = f for every s sufficiently small. However, since 
we are considering sequences instead of paths we can similarly to Corollary 15.11 always find a sequence 
Sj ^ 0 as j ^ +00 such that G 2 {sj,v; x) = Y The rest of the proof remains the same. □ 

In general the equation G 2 (s, v]x) = f in Proposition [5^ can of course not be solved explicitly. However 
there exists an important special case when f(t) or 1 — f{t) is convex in a neighborhood of the point x, 
when one can solve the equation G 2 (s, v,x) = f approximately. 

Proposition 5.9. Let x G and let G 2 {s,v;x) be the function defined in Proposition h5.^) . 

Assume that there is an e > 0 such that f{t) is convex in [x — e,x + e] and f(x + 2s)/f{x + s) is uniformly 
bounded for |s| ^ e. Fix ^ > 0 and define 


xis) = ^f{x + s) (5.36) 

for |s| ^ e. Then, 

lim G 2 (s, u(s); x) = ^. (5.37) 

s^O 


Thus, 


\imxc{x + s + iv{s)) = xiiiiO 

s^O 

lim rjcix + s + iv{s)) = piuif,)- 

s^O 


(5.38) 
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Proof. Consider the case s > 0. Let 

nx+2s 


J X 

Hs) = [ 

J X 


{x + s — t)"^ + u(s)2 ’ 

(/(t) - /(i +>))dt r*‘ (/(*+’)- nmdt 


f 

J X 


{x + S — tY + v{sY 


,^ + s {x + S-tY+v{sY 

so that 

G 2 {x,v{s)]x) = /i(s) + his). 

Let F{x) be a convex function on an interval I and let x,y,w e I with x < y < w. Then 

F{y) - F{x) F{w) - F{x) 


< 


y-x 


(5.39) 


(see Proposition 1.25 in [T]). From this and f{x) = 0 since x e we see that f{x + s)/s is an 

increasing function in (0,e) and hence 

r f{x + s) 

a = lim - 

s->.o+ s 

exists and is 5= 0. We must have a = 0, since if a > 0 then 


CO = 


f u, < r < / 

Jo S Jq Jr 


fit) 
{x - ty 


-dt, 


which contradicts x e Thus, 


as s 0+. It follows that 

his) = 


p nX + 2s 

(S) = - / 

TI- Jx 


v{s) TT f{x + s) 

S f S 


v(s)dt 2f s 

- -= — arctan —- ^ f 

{x + S — f)^ + v{s)^ TT v{s) 


(5.40) 


as s —> 0+. Hence, to prove (|5.37|1 it remains to show that Fis) —> 0+ as s 0+. Notice that we can 
write 


-^ 2 ( 5 ) = [ {f{x + 5 + t) + /(x + 5 - i) - 2f{x + s)) 

Jo 


dt 


F + u(s)^ 


(5.41) 


Since / is convex in \x — e^x + e] we see that for 0 ^ s ^ e/2, 


1 


[fix + s + t) + f{x + s - t)) ^ f 


x + s + t + x + s — t 


= fix + s) 


and consequently Fis) > 0. It follows from (|5.39p that 


fix + s) - fix) ^ fix + s-t)- f{x) 




s — t 


for t G [0, 5 ) and since f{x) = 0 we see that 


fix + s) ^ - -f{x + s - t) ^ f{x + s - t). 

s — t 
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From (15.391) we also see that 

f{x + s + t)- fix + s) ^ j{x + 2s) - f{x + s) ^ f{x + 2s) 
t ^ s '' s 

for t e [0, s]. Thus, 


f{x + s + t) + f{x + s — t) — 2f{x + s) = t 


f{x + s + t) - f{x + s) 


f{x + 2s) f{x + s) 
^ t— - - ^ Ct— - 


{f{x + s)- f{x + s-t)) 

(5.42) 


for some constant C. In the last estimate we used our assumption that f{x + 2s)/f{x + s) is uniformly 
bounded for s e [0,e]. If we use (15.4011 together with the estimate (15.421) in (15.411) . we see that we have 
proved that 


0 sS his) ^ 


cfjx + s) r 
s Jo 


tdt 

+ u(s)2 


r tdt 

TTS Jq t2 y(^g^2 


C^vjs) 

2tts 


log 



0 


as s 0+ by (|5.40p . This proves (j5.37l) and (|5.38p follows as in the proof of Proposition 15.81 □ 


Remark 5.7. In particular we note that the assumption that is uniformly bounded in s holds 

if f{x + s) ~ 5 (s)|s|“, for some positive and bounded function gis) and some a > 0 such that ( 7 (s)|s|“ is 
convex in a neighborhood of 0. 

In Propositions I5.6TI5.8I we determined subsets of djC{x) when x e want to 

show that under some additional assumptions on the density /, these sets are in fact all of dCix). 

Theorem 5.1. Assume that x G {g) u (g.) and that the assumptions of Provosition [3751 

are satisfied. Furthermore, assume that there exists sequences c G and {ln}n ^ G of regular points 

such that r^ > X and h < x for all n and such that lim„_.Qo = lim„_.Qo h = x. Finally assume that 


max{sup |TO'H/(r„)I, sup |m«/(/„)!} < +cx). 

n n 

Then, if x e 

d£{x) = {ixiiiiO^ViiiiO) '■ i e (0,+Qo)}, 

and if X e (g) 

dC{x) = {(x/v(C), ViviO) : ? 6 (0, +Qo)}, 


where the functions Xiii/iviO Viii/iviO defined in Provosition 1 5. 81 In particular the assump¬ 
tions holds if X e by a modification of the proof of Lemma \4.1\ and especially if f B C^’“(]R). 

Proof. Let x e We know from Proposition 15.81 that A = {{xiiiiO^ViniO : 0 < ^ < oo} c 

dCix) and we want to prove that equality holds. Let Wn = Un + ivn G H, n ^ 0, be any sequence such 
that Wn ^ X sls n ^ CO. We want to show that all limit points of {xciwn),ilciwn)) belong to A. By 
taking subsequences we can assume that ixciu!n),Vciwn)) converges. Set 



fit)dt 

{un - + vl ■ 


By taking a further subsequence we can assume that ^ G [0, oo] as n —> oo it„ > cc for all n. If 

^ G [0, oo), a repetition of the arguments of the proof of Proposition I5.8I sfives 


lim ixciwn),vciwn)) 

n—>00 



TTinffix)'^ 


yTTUfix) _|_ y-TTUfix) 


i - ■Ki'ufyix) 
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It remains to consider the case ^ = oo. We want to show that in this case {xc{'Wn)t'ilciwn)) {x, 1) as 
n ^ CO. Since ^ oo, for every ^ > 0 there is an N{^) such that 


f'X + 2{Un —x) 


f{t)dt 


{Un -ty +■ 




(5.43) 


whenever n > N{^). Let U{(s) be the continuous function defined in Proposition 15.81 Then the inequality 
(15.431) above implies that 


G 2 {u„ - X, Vn] x) > G2{Un - X, V^Un - x)] x). 

Since the function G 2 (s, v; x) is monotonically decreasing in v this implies that < v^{un — x, x) for 
all n > N{^). This implies that the sequence {wn}n is trapped inside the set 

{(u, u) e H : a; ^ u < U 7 v({)! 0 < v < v^{u — a:)} 

whenever n > N(^). In particular for every n there exists an e G such that > Un and 
lim„_>oo = X. Let Xn'^ be the open set 

= {(u, u) G : X < U < TnjO < V < v^{u — x)}. 

In particular Wn belongs to Xn'^ for every n > N{^). Let T„ be the closed set, whose boundary equals 
dTn = {{t, 1) : a: ^ ^ + it) : 0 < t ^ - a:)} [J{Wy^{t + iv^t)) : 0 < t ^ - x} 

r / 1 _ _|_ ^-irUfix) _ 2 \ 

V f- 7 r(H/)'(x) )' 

:= dT^ u dT^ u dT^ u dT^ 



We now show that Wy^{Xn '^) c Tn- Since x G 4S„t(/a)°, it follows from Lemma [5.11 that all points of 
c dWy^{Xn^). Since rk„ e G, it follows that lim„^o+(X£(^/c„ + iv),r]c{rk^ + iv)) = (rfe„, 1). Hence 
dT^ c dWy^{Xn^). By Proposition 15. 81 {dT^ u dT^) c dWy^{Xn'’). On the other hand, by Lemma [CT] 

and the fact that is a homeomorphism, we have that Wy^{Xn'^) cz T°. Thus Wy^{Xn^) cz T„. This 
fact follows from Lemma [5.1l and Proposition l5.8l and the assumption that rk„ is a regular point in 4 S„t(/i)°. 
In particular, {xciwn), Tjciwn)) e Tn for every n > 7V(^). The trapping regions Tn are illustrated in figure 
El We will now show that limsup„^_,_gQ d((x, 1), dTn) ^ G/^ for some positive constant G independent of 
which implies that lim„^+oo(x£(wn), ^^^(uin)) = (x, 1). Recall that 

d((x, l),(5r„) = sup d((x, l),(x',j/'))- 

{x',y')sdTn 


Clearly, 

d((x, l),dTn) = rfe„ - X ^ 0 

as n ^ + 00 . Similarly, from the proof of Proposition 15.81 it follows that 

I _ ^-■^'Hf(x) ^■K'Hf(x) _|_ ^-TT'Hfix) _ 2 


lim d((x, T),dTy) = 

n—►OO 


and 


d((x,l),dT4) = 


^ - 7r(7^/)'(x) ’ C-7r('H/)'(x) 

X _ g-7rW/(x) ^TrUfix) _|_ ^-TrUfix) _ 2 


^-irinfYix) ? - 7r('H/)'(x) 
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We now estimate d((a;, 1), This is the most subtle part of the proof, and here the choice of the 

sequence {rk„}n is critical. By assumption the sequence {m-uf{rk^)}n is bounded and hence by estimate 
( 1131 ) \Hvf{rk„)\, is uniformly bounded. Thus, there is a constant C independent of ^ such that for all n 
and 0 < ?; < v^{rk^ — x), 


l_e cos(7rP^/(rfc„)) 


sm(TrFyf(rk„)) 


^ V- 


C 


sin( 7 rP„/(rfc„))| 


and 


V 


- 2 cos( 7 rP„(rfcJ) 


sin(7rP^/(rfe„)) 




C 


sin(7rP^/(rfc„))| 


for all n. In addition, 

V 


< 


I sin( 7 rP„/(rfe^))| min{P„/(rfe„), P„(l - /)(rfe„))} 

1 


< 


< 


min{r) ^Pvf{rkJ,v ip„(l -/)(rfc„))} 

1 


min{v^{rk„ - x) ^Pv^{rk„-x)f{rkJ,v^{rk„ - x) - f)(rkj)} 

for all 0 < < v^{rk^ — x), by the monotonicity of the function v~^TrPyf(rk„). By the same argument 

that was used to control (15.341) in the proof of Proposition 15.81 we see that 


/ 

JR 


f{t)dt 


f{t)dt 


{rk^ - - xY 


(rfc„ - tY + v^{rk^ - xy 

f(t)dt 


+ G2(rk^ - X, Vf(rk„ - x);x) 




I 


{x - tY 


as n —>■ CO. Furthermore, 


/ 


(1 - m)dt 


dt 


(r„ - tY + f{(r„ - xY 


{xn - tY + V^Xn - xY 


C + o(i) 


vY'^n - x) 


whenever n is sufficiently large. Hence, 


limsupd((a:, l),dr„) < 

n—>-00 s 


-e + o(i)>c 


c 


Combining our estimates we have proved that there is a constant C such that 

C 


\imsupdy{x,l),dTn)j < 

Since ^ e [0, oo) was arbitrary, the result follows. The case when x e is analogus. 


□ 


Theorem 5.2. Let x e u xmd that the assumptions of Provosition [5751 and Propo¬ 
sition O are satisfied. Furthermore, assume that there exists sequences c G and {!„}„ cz G of 

regular points such that rn > x and Y < x fox all n and such that lim„^oo r„ = limjj_>oo In = x. Finally 
assume that 


maxjsup |TO«^(r„)|,sup = m < +cx). 

n n 
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Figure 6: This figure illustrates the trapping regions Tn- The black dots represent the positions of the 
sequence + ivn}n=i 


Then, 


dC{x) 


x,\ + 


1 + ? 


: ^ e [0,+cx)) 


i/x e and 


dC{x) 


X + 


§g-irHip{x) 

r+e 


§Q-TTHtp{x) 

r+e 


: ^ e [0,+oo) 


if X e In particular the assumptions holds if x e o,nd especially if f £ C^’“(M). 

Proof. The proof is similar to that of Theorem l5.ll Let x e (p.). We know from Proposition l5.6l that 

A = {(x/(0, ViiO : 0 < ^ < oo} c dC{x) and we want to prove that equality holds. Let = Un+ivn e H, 
n > 0, be any sequence such that Wn ^ x a.s n ^ co. We want to show that all limit points of 
{xc{wn),'<]c{wn)) belong to A. By taking subsequences we can assume that {xc{wn),'nc{wn)) converges. 
Set 

, r+"(“"-") («n - xMt)dt 

Jx («n - tr + Vl ■ 

By taking a further subsequence we can assume that ^ ^ e [0, oo] as n ^ oo and that u„ > x for all 
n. As in the proof of Theorem 15.II it is enough to consider the case ^ = oo. We want to show that in this 
case {xc{wn),Vc{wn)) (x, 1) as u ^ oo. Since fn QO, for every ^ > 0 there exists an N{^) such that 



(^n 

(Tti 


x)(p{t)dt 

t? + vl ^ 


(5.44) 


whenever n > N(f). Let v^{s) be the continuous function defined in Proposition 15.61 Then inequality 
(15.441) implies that 


G'i(u„ - x,Vn]x) > Gi(u„ - x,v^{un - x);x). 

Since the function G(s,u;x) is monotonically decreasing in v this implies that Vn < v^(un — x,Vn',x) for 
all n > N{^). This implies that the sequence {wn}n is contained inside the set 

{(M,u)e]Hl:x^u< U 7 v({), 0 < u < (u — x)} 
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whenever n > N(^). In particular for every n there exists an e G such that rk„ > Un and 
lim„^oo = X. Let Xn'^ be the open set 

= {{u,v) e : X < u < rk„,0 < v < v^{u — x)}. 

In particular Wn belongs to Xn '^ for every n > N{^). A similar arguments to that in the proof of Theorem 
o shows c Tn, where T„ is the closed set whose boundary equals 

dT„ = {{t, 1) : X rkj[J{W;^^{rk^ + it) : 0 < t ^ - a^)} + wj(t)) : 0 < t ^ rfc„ - x} 

Ilf/ ) 

:= dT^ u dT^ u dT^ u 


In particular, {x{wn), v{wn)) e Tn for every n > N{^). We will now show that lim„_>.+oo d{{x, 1), 5T„) = 
C/^ for some positive constant C independent of which implies that lim„^+oo(x(r/;„), ry(w„)) = (x, 1). 
Clearly, 

(f((x, l),dTl) = - X ^ 0 

as n ^ + 00 . Similarly, from the proof of Proposition 15.61 it follows that 


limsupd((x, l),dT„) = 


X, 1 + 


and 


d{{x,l),dT^) = 


^ + 1 

X _ g-7r+/(a^) g-n'W/fa:) _|_ g-irW/fx) _ 2 


7r('H/)'(x) i-n{nf)'{x) 


We now estimate d((x, l),dr^). As in Theorem 15.11 this is the most subtle part of the proof, and here 
the choice of the sequence is critical. A computation gives 


TTHyf{rk„) = - logV(^fen - a:)^ + + logV(»'fc„ + S - x)^ + v'^ + Hyip{rk„) 


and 


'^Pvfi'k’kn) = — arctan 
= arctan 


rk„ - X 


rk„ - X 


+ arctan 

arctan 


Xfe — X + (5 


Xfc — x + 5 


+ TTPy(f{rkn) 
+ TrPy(p{rkJ 


Hence, using the trigonometric identity sin(arctanx + y) = (1 + x^) ^^{xcosy + siny) we get 

1 


sm{Tr Pyf{rkJ) = 


\A+^ 


1 + 4++2 


cos[7rP„(|5(rfc„) - 0{v)] + — - - sin[7rP„(/?(rfe„) - 0(x)] ) (5.45) 


cos[7rP„(p(rfc„)] H- - -sin[7rP„(|9(rfc„)] + 0{v) + 0(rfe„ - x) 


By assumption the sequence {?7i?^<g(rfc„)}n is bounded and hence by estimate (12.311 \Hyip(rk„)\, is uniformly 
bounded. Thus there exists a constant m, independent of ^ such that 


\ixc{rkr,,v) - rk^,T]c{rk^,v) - 1 )| < 




wV5(l + e’") 

■\/{xkn -x)"^ + v‘^ sin(7rP„(/3(rfc„)) 

C 1 


1 + 


sin(7rP«(/3(r/c„)) 
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where C does not depend on n. Using (15.451) . one gets 


Using that 


a/i + I sin(7rP^(/?(rfc„))| > — -^ sin[7rP„<p(rfc„)] - 1 

\ V 

> liiL— -inm{Pyip{rk„),Pv * (1 - (p){rkj} - 1 
2v 

_ 1 • f f {Tkr. - x)(p{t)dt r {rk^ - x){l - ip(t))dt\ 

■ (rfe„-t)2 + r;2’^ + I ■ 


(rfc„ - x)ip{t)dt 

{rk„ - ty + 


= Gi(rfc„ - x,z;;x) + 


/ 

J]R\ 




v)ip{t)dt 


x,x + 2(rk^—x)] irkn y + 


we can estimate the second term to get 


irk„ - x)ip{t)dt 


[x,x+2(rk^—x)] 4“'^ 


p + oo 

^ 2(rfc„ -x) 

Hrk„-x) 


dt 


^ 2 


Moreover, by monotonicity one has that Gi{rk^ — x, v; x) > Gi('rfc„ — x, v^{rk^ — x);x). This implies that 
for V ^ {xk^ — x) 


■ ( f {xk^ - x)(p{t)dt r {xk^ - x){l - (p{t))dt] 

+ (rk^-ty+v^ J 

^ min|Gi(r'fe^ - x,v^{xk^ - x);x), ^ arctan “ Gi(xk„ - x,v^(xk„ - a;);a:)| - 2 ^ - 2 


for n sufhcently large. In particular this implies that 


liXcirkn^v) 


rk„,Vc{rk^,v) - 1)1 < 


C 



pkn -xY 

- ^ - 


1 


where ^ > 9. Since ^ > 9 was arbitrary we get 

limsup d((a;, 1), dT^) = 0 

n—*-(X) 

This implies that lim„^oo(x£(w„), rjciwn)) = {(a;, !)}• The case when x e is analogus. 


□ 


Proposition 5.10. Let denote the one dimensional Hausdoxff measuxe. Then thexe exists a fj, e 
A4c,i(l^)) such that P^{dC) = +oo. 

Pxoof. Let 

^2 „■ 2/J.-1N 


A Taylor expansion around t = for |fc| = 2,3,4,... shows that 


fi{t) = t sin y- )x[-^,^](t) 
3,4,... f 
fi{t)dt 


fJl 

Js. ik^. 




< + 00 . 


Moreover, 


fi{t)dt 


<C + 


“ Pdt 


P 


< + 00 . 
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We now show that in fact sup - 

n^2 


h{t)dt 

— ty 

V Trn ' 


} < +CX). Write 


t^siiy{t-ydt esiry{t-ydt r2/(3^) t'^sm^t-ydt 


+ 


+ 


2/(371-) {t J-2/{3n) {t il/(7m+7r/2) {t Jl/{nn-Tv/2) {t 

:= /(") + /(") + /("). 


We hrst estimate We get 

rll{vn+ir/2) ,2 t. 

r(«) ^ 




2/(377) (t - 


t — 


1 2 ^ 

+ -log 


(irn)^ (t -1-) irn 

\ /V ’ 


t — 


l/(7rn+7r/2) 

-2/(377) 


Similarly we get 


= — + 0{n Mogn). 


4”^ ^ Mogn). 


We now consider I^\ Using that | sint| ^ |t| for all t we get 


/-(^) _ 
^2 — 


^2 sin\t-ydt 

1/(7771 + 77/2) 

1 


= (Trn) 2 J 


sin^(x)cZx 

-V2 (a; + 7rn)2x^ 


.77/2 

^ (ttu)^ / 

./—7r/2 


x^dx 


- 77/2 (a; + 7rn)2x2 


< 


Thus, 


sup 

n^2 


fi{t)dt 

(— - ty 

V Trn / 


< + 00 . 


(5.46) 


We now consider 'Hfi((Trn) ^). Note that Hfi(0) = 0, due to the symmetry of fi at 0. We now consider 
the sign of 'Hfi{{TTn)-y for n = 2, 3,4,... 


TrUfiiiTTn) 0 = y 


t^sin^(t ydt 


2/(377) 




- 4 - 


-377/2 


= Trn 


= Trn 


= 27rn 


/ 

/•+” sin"(x) ( 

^ 377/2 a;^ ( 

.+00 

^ 377/2 


+ Trn 


'■2/(3-) t2sin2(i-l)rfi 

sin2(a;)(ix 


7177 

. + 00 „;„2 


sin2(a;)(ix 
c3(x-7rn) ' "'V377/2 x ^{ x - Trn ) 


1 1 
+ 


a: — Trn a; + Trn 




sin2(x)dx 


3^/2 a;2(a; - Trn) (a; + Trn) 


:= 2Trn/(n), 


= t = 


1 


and 


i-+oo 

/(n) = / 

a 377/2 


sin2(a;)dx 


f 

Js-n 


sin2(x)dx 


-f 


3,r/2 a:2(x - Trn)(x + Trn) 73^/2 ai2(x - Trn)(x + Trn) 
f'*'® sin2(x)dx 

+ 71 - 377/2 a;2(x - Trn) (a; + Trn)' 


L 


2^71-3^2 sin2(x)dx 


a;^(x — Trn) (a; + Trn) 
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Furthermore, 


I 


sm^{x)dx 


+ 


■i'Kji - 7rn)(x + 7rn) 

° sin^(t + 7rn)(it 


L 


2^„-3V2 sm^{x)dx 


h-Kji-i^n (t + '!Tn)H(t + 27rn) Jq 
rn-3^/2 sm\t)dt 


x^{x — Tm){x + 7rn) 
^-37I•/2 sin^ (t + Tin) dt 

(t + TTn)‘^t(t + 27rn) 


+ 


(—t + 7rn)2(—1)(—t + 27rn) Jg 


■^-3^2 „;„2 


sin^(t) 


1 


t [ (t + 7rn)2(t + 27rn) {t — irn)^{t — 2Tm) 


(t + Trn)^t{t + 27rn) 


dt 


.-37r/2 «;„2 


sin^(t) r 


lOTT^n^t + 2t^ 


(ttu)' 


L 


t lit + 7rn)^(t + 27rn)(t — Trn)^(t — 27rn) 


l-3/(2n) «in 2 


Let 


sirL^(7rnx) 


R{x) = 


lOx + 2x3 


(x + l) 2 (x + 2 )(x — l) 2 (x — 2 ) 

5 + 2 x 2 


dt = {t = irnx} 
dx 


(x + l) 2 (x + 2 )(x — l) 2 (x — 2 ) 


An elementary estimate gives 


valid for all x e [0,1). Hence 

r.l-3/(2n) 


7 1 ^ 5 1 

■2+VTy < «+ <- 


nL-6iyZn) g n 

/ siv?{Tmx)R{x)dx ^ “■577 / 

Jo 32 Jg 


32 (x - 1)2 

l-3/(2n) g^{x?(^T^jix)dx 


(X-1)2 


Furthermore, choose 0 < £ < -n/2. Then 


1 

7rn 


r.l-3/(2n) .^2 


n-1 „7r 

= y f 


sin (7rna:)dx 

(a:-i)^ 

sin2(x)(ix 


sin 2 


{t - 7rn)2 "" J(k-i)^ {t - 7rn)2 


H-—-L nTT — e 


y ( 2 ; + 7r(fc - 1) - 7rn)2 


n—1 

>sin 2 (£) V / 


dx 


^ J 

k=l “'e 


(x + 7r(fc — 1) — 7rn)^ 


= E TTT 


TT — 2e 


1 


1 


^ (tt — 2e) sin 2 (e) 

(tt — e + 7r(fc — 1) — 7rn)(£ + 7 r(fc — 1) — irn) '' tt^u — i^iiii)2 n 


< 


(tt — 2 £) sin 2 (£) 3/n ^ 2 ; (tt — 2 £) sin 2 (£) n (tt — 2 £) sin 2 (£) 


( 1 -X )2 


> 


Stt^ 


Thus, 


In addition. 


L 


l-3/(2n) 


• 2/ ^ ^ , 5 (tt - 2£) sin2(£)r 

sin2(7rnx)i?(x)dx ^ —- 


32 


37r 


nl-3/(2n) rj nl-3/(2n) 

s\T?{TTnx)R{x)dx >-/ 7 -, 

3 2 Jo (x - 1) 


7n 

2 ^ “ Y 


(5.47) 


(5.48) 
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Finally, we have the estimate 


r+ac 
J 27rn—; 


sin^(a;)dx 


sin^ {TTnt)dt 

2^n-3^/2 - Tm){x + Trn) {tTu)^ J2-3/i2n) “ 1)(^ + 1) 

1 /■+® dt 1 




■I 

I 


< 


43 


(7rn)3 72-3/(271) {t - 1)'‘ (7m)3 3(1 - ^)3 3(7rn)3 ' 


(5.49) 


Estimates (I5.47|) - (I5.49I) gives 


14 


2-43 


^ TTHfiiinn) ^ 


10(7r-2e)sm2(£) 2-43 

32 37r3n 37r^n3 


(5.50) 


(15.501) shows that there exists an > 0 such that 'H/i((7rn) ^) < 0 for all n > N. Moreover, (15.501) also 
shows that 


sup{|H/i((7rn) ^)|}<+oo. 

n>2 


Let f 2 {t) = X[i/ 2 ,a](i) and choose a so that + f 2 {t))dt = 1. Let / = /i + /2 be the density of 

the measure /r. Since T^'Hf 2 {x) < 0 for all x < and 7r'H/2(a;) is a continuous function on it 

follows that 


inf {|'H/((7rn) i)|} = m 2 > 0. 

n>N 


(5.51) 


Furthermore, 


sup 

n^2 


f ] 


:= mi < + 00 . 


(5.52) 


Thus we have shown that 

Moreover, every x e {(ttu)"^ : n > N) satisfies the assumptions of Proposition 15.81 In addition, / 
is Lipschitz continuous on Therefore, the function Hyf{u) defined on {u + fu e H : u e 

[—^ + i5, ^ — 5]}, for some 5 > 0 small enough, have a continuous extension to the domain {u + fu e C : 
u e [—^ + 5, ^ — (5],u > 0} with boundary value Proposition 15.81 and 1|5.51|) and (15.521) implies 

that there exists a, d > 0 such that 


n^{dC{{nn) ^)) > |1 - Tj^^^inn) ^))| > d 


for all n > N. This immediately implies that Td}{dC) = + 00 . 


□ 


6 Appendix 

6.1 Additional Results 

Lemma 6.1. 


dC = d/:(cx)) u u dc{x) 


£ceR 


( 6 . 1 ) 
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Proof. Let oj^ = {wn}n c H be a sequence such that lim„^oo = x. Then {Wf^^{wn)} c £. Since 
C ^ V, C is compact. By Heine-Borel thoerem, it follows that cl£[^](a:) ^ 0 . Assume that there exists a 
point {x\v') s £ Pi (x). Then there exists a subsequence {wn^jk such that {xc{wn^),r]c{wn^)) 
(x', 7 y'). However, since Wc is a homeomorphism, it follows that limfc_,oo = w' = bLz;((x^ ^ 
contradiction. Hence 5£[^](a;) c dC. Since this holds for every such sequence a; = it follows that 

d£{x) = IJ d£[^]{x) cz dC. 

[uj^eSx 

In particular this holds for every x G M. Thus, 

IJ dC{x) c dC. 

Finally, Lemma 2.1 in [2] proves that for any sequence {wn}n ^ U, such that lim^-j-oo I'^nl = ^5 
lim„^oo(x£(wn),? 7 z:(wn)) = (^ + /r , 0) e dC. This shows that 

d£(oo) u(u d£(x)'j c dC. 

^ xeR ^ 


We now show the reverse inclusion. Let (x^ rf) e dC. Then there exists a sequence {(xn, Vn)}n c £ such 
that lim„^oo(xn, Jin) = (x'tV')- Let Wn = Wc{{Xn,Vn))- Assume that the sequence {wn}n is unbounded. 
Then it contains a subsequence {wn^}k such that limfc_,oo = oo. Then Lemma 2.1 in [2] shows that 
ix'tV') = (5 + /r 0)- However, this implies that lim„^oo |ri;„| = 00. Thus, we may assume that 
the sequence {wn}n is bounded in H. Consider the set of limit points of {wn}m that is {■iCn}n\{'w„}„. 
Assume that w' e {wn}n\{wn}n n H. Then there exists a subsequence such that limfc^oo = w'. 

However since Wc is a homeomorphism, this implies that limfe^oo = W^^{w') A (x^Y)) ^ 

contradiction. Thus {rcn}n\{wn,}„ cz R. This shows that 

dC c 5£(oo) ufu dc{x) 

' rceR 

□ 


Proposition 6.1. Let f e LP{M.) where p > 1. Assume that 



\f{x) - f{t)\dt 
\x-t\ 


< +00. 


Then for every non-tangential convergent sequence {un + to x, 


lim Hy^f{un) = LLfix). 

n —*-00 


Moreover, x e .jSfy. 


Proof. We first note that (16.2|) implies that 


lim 

h^0+ 


\f{x)-f{t)\dt 

x—h 1^ ^1 


> lim 
/t— 0 + 


\f{x)-f{t)\dt 

J x-h 2/1 


= 0 . 


( 6 . 2 ) 


(6.3) 


Thus, x e jSfy. We now show that 'Hf{x) exists. We have for every A > 0 sufficiently large 


i 


|x —*!>£ 


f{t)dt 

X — t 


L 


(fit) - f{x))dt 


£:<|x — 

= Ji + J 2 . 


X — t 


+ 


f{x) [ 
J £■ 


dt ^ r f{t)dt 

e<|x—t|<ii ^ ^ J\x—t\>R ^ ^ 
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We first estimate l 2 - Since / e L^’(R) we have by Holder’s inequality 

dt ll/l|p2i/« 


\J2\ ^ Wfh 

where q = > 1. Moreover, since 

^ p—1 ’ 


lim 




(fix) - fit))x\t\>e fix) - fit) 


X — t 


X — t 


for alH 7^ a;, and 


\fit) - fix)\X\t\>e ^ \fit)-fix)\ 


< 


|a; — t\ |a; —1| ’ 

it follows by (|6.2II and Lebesgue dominated convergence theorem that 


lim 


fit) - fix) 


dt = 


Je<\x—t\<R X t 

Since R> 0 was arbitrary and / e LPfR.) it follows that 

fix) - fit) 


irKfix) = lim [ 


|rc—11</? 


X — t 


\x—t\<R 


dt = 


fit) - fix) 

X — t 


dt. 


fix) - fit) 


X — t 


dt 


exists. Now consider a non-tangentially convergent sequence {un + ivn}n to x. Then + ivn}n c (x) 
for some fc > 0. We may assume that Un — x ^ 0. Then 


-ttH,, 


^fiUn) = [ 

Jr 


-iUn - t)fit)dt r iUn - t)ifix) - fit))dt 


iUn - + vl 


iUn - 


x+2iu^-x) 


iUn - t)ifix) - fit))dt 


iUn - t)2 + vf 


[x,x+2(un—x)] i^n t) + V, 


_r(") I r(") 

-r I 2 1 


We first consider By Lemma [631 

l^n t|XlR\[a:,a:+2(itn—a:)] (t) 


< 


for all t, and 


lim 
n —»-00 


iUn - t)^ +vl \X- t\ 

iUn - t)ifix) - fit))xm\[x,x+2{ur,-x)]it) fix) - fit) 


iUn -t)"^ +vl X-t 

for all t ^ X, we get form (16.21) and Lebesgue’s dominated convergence theorem that 

jUn -t)ifix) - fit ))dt 
iUn - + Vl 


lim / 

Jm 


[x,x+2{un —a:)] 

We now consider Since {un + ivn}n c rfe(a:), 


= -nUfix). 


n'b 

^ / 

J X 


iUn - + vl 


J X 


\fix) - fit)\dt 


< 


iUn -X) 1 


/ 

J X 


X-\-2{Un —x) 


Vn iUn x) Jx-2{un-x) 
as n ^ 00 , since x e .ify. 


|/(x) - fit)\dt ^ k 


L 


X + 2{Un —x) 


iUn x) Jx-2(un-x) 


\fix) - fit)\dt 0 


□ 
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Lemma 6.2. Let f,g : [0,+oo) — > [0,+oo) be monotonically deereasing continuous functions. Then 
min{/, : [0,+oo) — > [0,+oo) is also a continuous monotonically decreasing function. 

Proof. Using the identity 

mm{f{x),g{x)} = + g{x) - \f{x) - g{x)\), (6.4) 

the continuity of min{/, g} is immediate. Let y > x. Then by (6.4) and the triangle inequality 

2{mm{f{y),g{y)}-mm{f{x),g{x)}) ^ (/(y) + g{y) - \f{y)-g{y)\) - {f{x) + g{x) - \ f{x)-g{x)\) 

^ fiy) - fix) + giy) - gix) + |/(a;) - f{y) + giy) - gix)\ 

^ fiy) - fix) + \fiy) - fix)\ + giy) - gix) + \giy) - 6f(a;)|. 

By monotonicity, fiy) — fix) ^ 0 and gfy) — g(x) ^ 0, which implies 
2(min{/(?/), g{y)} - mm{f{x),gix)}) ^ fiy) - fix) - (/(y) - fix)) + giy) - gix) - igiy) - gix)) ^ 0. 
Hence min{/, (/} is monotonically decreasing. □ 

Lemma 6.3. Assume Un > x. Then 

I'^n l'\X[x,x+2(un—x)]il') ^ ^ ^ ^ 

iUn - t)'^ +vl '' \Un -t\ '' \x-t\ 

for all t. 

Proof. By translation invariance we may assume that a; = 0. Clearly, |u„ — t\ > |t| when t < 0 which 
implies 

1 1 2 

\Un - ^ \t\ '' \t\ 

Now assume that t > 0. Then the equation 

1 _ 2 

\Un-t\ \t\ 

has the unique solution t = 2u„. This immediately implies that 

1 2 

\Un -t\ '' \t\ 

for t > 2m„. □ 


Lemma 6.4. Let a, 6 G R, and a < b. Assume that Xi, X2 c [a, b] are measurable and that A(Xi) = mi 
and A(X2) = m2 are such that mi + m2 > b — a. Then 

A(Afi X2) ^ mi — m2 — b + a. 

Proof. By the inclusion-exclusion principle 

A(Afi X2) = A(Afi) + A(Af 2 ) — A(Afi X2). 

Since A(Afi IJ X2) ^ b — a this gives the inequality 

b — a ^ mi + m2 — A(Afi ^2). 


which is equivalent to 


A(Afi Pi X2) ^ mi + m2 — b + a. 


□ 
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6.2 Examples 

In this section we provide some details of the examples given earlier. 

Example 6.1. Let /(<) = | sint“^|X[_i/ 2 ,i/ 2 ](^) + X[i/2,a](^)) where a is chosen so that J^f{t)dt = 1. 
Then aprior / is not defined at a; = 0. However, we note that 

^ '•+®|sin(s)| 


'l/h 


1 

h . 


-ds + 


i/h s 
+»|sin(s)| 


-ds 


ds 


for h sufficiently small, where m is the smallest integer such that l/h ^ irm. Hence, 

+ CO , /-.rCn+l) 

Tz^us^ /, r / 

'i/h 

2 


1 pTTm -I -r^ -I p 

+ 00 

= m™ 


-ds 


< 


, ^ 2m , 2m ^ 

TT/l + > , -T = TT/l H-> ^ 

^ irn^ TT 

n=m k=0 


1 


, 2m dx 

/1j n , ^2 ^ ~ 

^ +n (* + TT 


/ m—1 


, 2 m 

= nh - 


TT m — 1 ’ 

where we have used that 7r(m—1) ^ h~^ ^ nm, which implies that h{'Km—h~^) ^ h(7rm—7r(m—1)) = irh. 
Similarly, 


+ 00 


M/(0,/a)> ^ - 

n=m 

2(m- 1) 


f.' 7 r(n+l) 


|sin(5)| 
2(n + !)■ 


+ 00 


E 


^ hi{^{n + 1)2 


^ g 2(m-l) 


n=m 


TT 


(n + 1)2 


+ 00 

E 


> 


2m 


O + OO 


dx 


+ TT 7„+2 


2 m — 1 


TT m + 2 

Hence, since m —> oo and ft, ^ 0+ 


lim M/(0, ft) = —. 

?i^0+ TT 

Therefore, if 0 is to be a Lebesgue point of / we have to define /(O) := However, 


1 


oh 


1 /•+” 

, . M 2 


|sin(t 1)1 - 


|sin(t)|- 

J-h 

TT 

h Ji/h 

TT 


t2’ 


and 


Therefore, 

^7r(fc+l) 


2 / 2 2 \ 

I sin(t)|->0 for t G I I ( arcsin —h Trfc, tt — arcsin —h tt/c I and f > 0. 

TT fe+o V ^ TT y 


/ Trk 


sin(t)|- 

TT 


dt f 


1 


7r^(fc + 1)^ 


/ ^ 2< 
— cos(t)- 

TT 


TT—arcsin(2/7r) + 7rfc / 

( sin(f) — — 

7r/c+arcsin(2/7r) \ 

TT—arcsin(2/7r)+7r/t 


dt 


TT ) TT‘^{k + 1)^ 


7rfe+arcsin(2/7r) 


'K^ik 4- 1)^ 


1 — — — 1 H— arcsin — 
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Let m be the smallest integer such that Ijh < irm. Then by the above there exist a positive constant 
c > 0 such that 



+ 00 


k=m 


C 

(fc+ 1)2 


> 



/.+0O ^ 

1 ) / 7 - 

Jm {x + 2)2 


7rc(m - 1) 

-^ (J 

(m + 2) 


as m ^ + 00 . Note that the last term does not converge to 0 as h ^ 0+. Therefore 0 + Since, 
f'^{0) = /“(O) = |- < 1, it follows from Proposition 13.51 that 0 is a regular point. However note that 

some of the the points | : fc e Z, |/c| > 2| may be singular. 

Example 6.2. Let /„ = (2-("+i),2-"] and let 

+ 0O ^ 1 N +0O 

/W = Z1 ( 1 “ ^ +Xl 2 d-t)) + XI 2k + 1 + 1 +Xl 2 k + l{-t)) +X(l/2.a]W, 

k=l ^ ^ k=l 

where a is chosen so that /jj f{t)dt = 1. One can show that 

2“2fc 

limsupM/j/(0, h) = limsupML/(0,h) = lim f{t)dt 

/i—i-o+ /i^o+ fc—»-+Go 2 Jq 

2 — — 2 2 — — 1 2 — 2fc 

= lim 2^^ ( f f{t)dt + f f{t)dt + f fit)dt 

fc—>- + 00 \Jo J 2-2k~l J 


^ lim 2^^= 1 + 

fc^+oo 

4 


1 


2fc+ 1 


(2 


—2/c —1 c\—1k—1 


)+ 1 


2k 


(2 


- 2 /c n - 2 k - l ' 


Similarly, one can also show that 


lim inf M/j/(0, h) 

/i—>0+ 


lim inf Mz,/(0, h) 
h—>^0+ 


lim 

fe^+oo 


1 

2-2'=-! 



f{t)dt 


lim 22'=+! 
fc—>- + 00 




2-2fc-2 

- 2 fc -3 



2 -2fc-l 

- 2 fc -2 



> lim 22'=+! 

fc—c + OO 


1 - 


1 


2fc + 2 


(2 


- 2 fe -2 


- 2 


-2fe-3 


) + 


2fc+ 1 


(2-2fc _ 2 


- 2 fe-l' 



Hence, x = 0 does not belong to the Lebesgue set of /. However we see that / satisfies the conditions of 
Proposition 13.51 This implies that 0 is a regular point. 
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